taleemzone.com 1st Year Math - Exercise 10.2

EXERCISE 10.2 - TRIGONOMETRIC RATIOS OF COMPOUND ANGLES

Complete Solutions
Question 1: Without using table find the values
(i) sin15°
Step 1: sin 15° = sin(45° — 30°)
Step 2: Use formula: sin(A — B) = sin Acos B — cos Asin B

1 1 1 —1
sin 15° = sin 45° cos 30° — cos 45°sin 30°= — - @ - - = V3
V2 2 V2 2 2v2
. V31
Answer: 23
(ii) cosl5’
Step 1: cos15° = cos(45° — 30°)
Step 2: Use formula: cos(A — B) = cos Acos B + sin Asin B
1 3 1 1 3+1
cos 15° = cos 45° cos 30° + sin45°sin 30°= — - i + —- == V3 +
V22 /2 2 2V/2
. V341
Answer: o

(iii) tanl5°
Step 1: tan 15° = tan(45° — 30°)

Step 2: Use formula: tan(A — B) = (2o tan b

N tan 45° — tan 30° 1- % s V3—1
an = =
1+ tan45°tan30° 1+ %

Step 3: Rationalize:

V3i-1 VB-1 (V3-1)" 3-2/3+1 4-2/3
Gl Vso1T 3oi - 2~ 3 —V¥3

Answer: 2 —+/3

(iv) sin105°
Step 1: sin 105° = sin(60° + 45°)
Step 2: Use formula: sin(A + B) = sin A cos B + cos Asin B

1

L1 v+l
V2 2VaT e

sin 105° = sin 60° cos 45° + cos 60° sin 45°=

ol%

V341
2V2

Answer:
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(v) cos105°

Step 1: cos 105° = cos(60° + 45°)
Step 2: Use formula: cos(A + B) = cos Acos B —sin Asin B

cos 105° = cos 60° cos 45° — sin 60° sin 45°=

N —
)

1—

S

Answer:
(vi) tan105°
Step 1: tan 105° = tan(60° + 45°)

Step 2: Use formula: tan(A + B) = fapdfianB.

tan 60° + tan 45° V341
tan 105° = =
1—tan60° tan45° 1 —+/3

Step 3: Rationalize:

2
V3+1l 1+V3_ (VB4+1) _ 3+2V3+41  4+2V3
1—v3 1+V3 1—-3 —2 -2

Answer: —2 — /3

=—2-V3

Question 2: Prove the following
(i) sin(45°+ ) :\%(Sin +cos )

Step 1: Use formula: sin(A + B) = sin A cos B + cos Asin B

sin(45° + «) = sin45° cos a + cos 45° sin &
= %2 cos o + % sina = \%(Sina + cos )
(ii) cos( +45°) :\%(COS —sin )

Step 1: Use formula: cos(A + B) = cos Acos B —sin Asin B

cos(a + 45°) = cos o cos 45° — sin asin 45°
= % cosa — % sina = %(cosa —sina)
Question 3: Prove the following
(i) tan(45°+ )tan(45°— ) =1

) . _ 14t
Step 1: tan(45° + a) = Hﬁ
Step 2: tan(45° — a) = {5205

. __ 1l4tana  1-tana __
Step 3: Product = {5305 - i4ang =1
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(ii) tan (3 — ) +tan (3 + )=0
1—tan6
Step 1: tan (§ — ) = 7556
Step 2: tan (2% +60) = tan (7 — Z + 0) = tan (2% +6)
3 _
Step 3: 5f =7 — 7§
tan (22 + 0) = tan (7 — Z + 0) = tan (6 — T) (since tan( + x) = tan x)
_tanf—1  1—tan6
~ 14+tanf  1+tanf
) _ l1—tan6f _ l1—tan6 _
Step 4: Sum = 1+ti?19 o 1+t;20 =0
(iii) sin ( 4 g) +cos( + 3z)=cos
Step 1: sin (9 + %) =sinfcos § + cosfsin § = @ sinf + %cos@
Step 2: cos (9+ g) = cosflcos § —sinfsin 5 = %COSQ — @ sin @
ep 3: Sum = sinf + % 5 COS s cosf — X2 sinf) = cos
Step 3: S (L sin0 0) + (% cost — L sing) 0
(iv) sin —cos tang=tanz
Step 1: sinf = 2sin g cosg
Step 2: cosf = cos?4 —sin g
in @
Step 3: LHS = 2sin § cos § — (cos?§ — Sinzg)%’z—g
0 0 cos?? —sin?¢ 0 0 0 cos??sin g —sin®? QSiDQCOSZQ—COSQOSln +sin®¢
—9sinccoso — [ 2227 3 ) gin Y 2%in 2 cos & — 2 2 2= 2 2 2 2
2 2 ( cos g 2 2 2 cos g cos g
_ sin Zcos? ¢ +sin® ¢ _ sin 9(cos? 2 +sin” 9) _ tang
COS 3 COS 3
1—tan tan _ cos(+
(v) Trtmian =t
St 1: LHS = l_s:‘)‘s)giions?) __ cosBcos ¢p—sinfsin ¢
ep L: - 1+:L‘;gz;’;‘g " cosfcos ¢+sinOsin ¢
Step 2: Numerator = cos(f + ¢)
Step 3: Denominator = cos(f — ¢)
(0+¢)
Step 4: LHS = 222(0 &
Summary Table
. V31
.. 341
1(ii) 75
1(ii) 2—+/3
- V3+1
1(iv) 2\/}
1-V3
1(v) o
3
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1(vi) —2—1/3
2(i) Proven
2(ii) Proven
3(i) Proven
3(ii Proven
3(iii) Proven
3(iv) Proven
3(v) Proven

EXERCISE 10.2 - TRIGONOMETRIC IDENTITIES (Continued)

Question 4: Show that

cos(a + ) cos(a — ) = cos?a — sin® 8 = cos? 8 — sin” v

Step 1: Use product-to-sum formula:

cos(a+ ) cos(a — B) = %[cos(?a) + cos(20)]
Step 2: cos(2a) = cos2a — sin’av, cos(28) = cos?f — sin®g

1
=3 [cos2a — sin®a 4 cos?3 — sin®f]

Step 3: Using sin?a = 1 — cos?a:

1 1
= §[cos2a — (1 —cos?a) 4 cos? 3 — (1 — cos?B)|= 5[2(:082& + 2cos?3 — 2] = cos?a + cos?3 — 1
Step 4: Since cos? — 1 = —sinQﬂ:

.2
= cos?a — sin“B

Step 5: Similarly, = cos?j3 — sin’«
Therefore, all three are equal

Question 5: Show that

sin(a + 8) + sin(a — 3)
cos(a+ B) + cos(a— )

= tan o

Step 1: Use sum-to-product formulas:
o sin(a+ 8) + sin(a — B) = 2sina.cos
o cos(a+ )+ cos(a — ) = 2cosacos 8
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Step 2: LHS = Zsnacosf _ sina _ ) ¢

2cosacosf3 ~ cosa
Question 6: Show the following
(i) sin?( +§)—Sin2( —5) =sin2 -sin

. — B _ B
Step Ll: Let A=a+ 5, B=a—5

sin’A — sin’ B = sin(A + B) sin(4 — B)
Step 2: A+ B=2a, A—B=0
Step 3: LHS = sin(2a) sin 8
(ii) sin® +sin® 4-cos?( + )+ 2sinsin cos( + ) =1

Step 1: Use cos(a + 8) = cosacos § — sin asin 8
Step 2: Let x =sina, y = sin 8

cos(a+ ) =V1—2a2y/1—y%2—uay

Step 3: This is a known identity:

sin®a + sin®3 4 cos?(o + ) + 2sin arsin B cos(a + ) = 1

This is the cosine law identity for compound angles. The proof involves expanding and us-
ing sin? + cos? = 1.

Question 7: Show the following

(1) COS( _ ):1+tantan

sec sec
sin arsin 8

1+ coeoreos . .
Step 1: RHS = Htanatagﬁ = —cospeosB — cogcos 3 + sin asin 3
Sec «x sec cosacos B

Step 2: = cos(a— f)

N __l+cott
(11) Sln( + )_ cc?soco:n

14 Coso sin 8
Step 1: RHS = —sinpcosl
Sosacosp
B cosasin B\ 5 sinf
=cosacosfB |14+ —— |=cosacosf + cos“a—
sin a cos 8 sin

This doesn't simplify nicely. Let's try a different approach:
Step 1 (alternative): sin(a + ) = sinacos 8 + cosasin 3

Step 2: Factor cos a cos §:

sina  sinf

sin(a 4+ ) = cos acos 8 ( ) = cos a cos B(tan o + tan 3)

cosa  cosf3

. _ si sinf8 __ l4+cot atan B
Step 3: tana + tanﬂ - sg;i + cos3 ~ sina/cosa-cosacosf
__ sinacosB+cosasin B _ sin(a+p)
ACtuaHy’ tan o + tan f = cos accos 8 " cosacosf3
)
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Step 4: So sin(a + ) = cos a cos f(tan a + tan )

The given expression is not standard.

(iii) cot( — ) =<oteot—1

. o 1 _ 1+t tan 3
Step 1: LHS = tan(a—B) tanaorzl—at;lnﬁ

Step 2: Multiply numerator and denominator by cot « cot 3:

1+ ulcot B cot acot B+1 . . .
= U = et (Wait, this gives +1, not -1)

Let's redo:

1 _ l+tanatanf
tan(a — )  tana —tanf3

cot(a— f) =
Multiply numerator and denominator by cot « cot f:

__cotacot B+ 1
~ cotff—cota

The given expression has cot acot § — 1, which suggests the formula for cot(a + 5):

cotacot 5 —1

cot(a+ fB) =
( B) cot o + cot 8
The problem statement may have a typo.

(iv) tan +tan :ZZE?)

Step 1: LHS = sin o + sin 8 __ sinacos fB+cosasin _ sin(a+5)

cos cosfB cos a cos 3 cos acos 3

Step 2: Need to show sin(a+f) _ sin(a+p)

cosacosB T cos(a—p)

o This would require cosa cos 8 = cos(a — [3), which is not generally true.

The statement is incorrect as written.

(V) COt( + ):cot cot —1

cot —cot

l—tanatan 8
tan a+tan g

Step 1: cot(a+ 3) = tan(}wﬂ) =

Step 2: Multiply numerator and denominator by cot « cot j3:
__cotacotB—1
cot 8 + cot «

cot acot f—1

The correct formula is
cot B+cot o

. The given has cot § — cot a.

: . qin —24 —20
Question 8: sin =3z, cos =55, both acute

576 /49 7
COSO&Z\/l—SiHQOz:\/g: @:%

Step 1: Find cosa:

Step 2: Find sin j:
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400 a1 21
1 — 1 — 2 = 1 —_—— = —_—
sinf=1—cosf=y1— o =\3m1 ~ 39

Step 3: sin(a — ) = sinacos § — cosasin
_ 24,20 _ 7 21 _ 480—147 _ 333

— 25 29 25 29 725 725

Question 9: sin = 87, cos —%, with quadrant restrictions

Given: 2F < a < 27 (Quadrant IV) and 7 < 8 < 2% (Quadrant III)
Step 1: For a in QIV:

C oy — _ 64 _ /225 _ 15
-cosa =4/l =555 = (/950 = T
_ sina _ 8/17 _ 8§
- tana = cosa ~ 15/17 — 15

Step 2: For 8 in QIII:

Csingm 1B = _[__

_ sing —=3/5 _
- tan § = 23;,6 5 — 4

ilee

(i) sin( + ) =sin cos +cos sin

_ 8 4 15(3)_32 45 13
N 5 8 8 85

(ii) cos( + ) =cos cos —sin sin

4 E ey 0w
17 5 17 \ 5/ 8 8 8
() tan( + ) =St =g 32
(iv) sin( — ) =sin cos —cos sin

HLEE
- 8 85 85

(v) cos( — ) =cos cos +sin sin

BALE (G o m w
17 5 17 85 85 85

. sin( — 77/85
(vi) tan( — ):cos((7§:36§85:%

Quadrant analysis:
o sin(a+f) <0, cos(a+ ) >0 — (a+ f) is in Quadrant IV
o sin(a— ) >0, cos(a— ) >0 — (a— ) is in Quadrant I
Question 10: Find sin( + ) and cos( + )

i) tan =3, cos =%, neither in Quadrant I
4 13?

Step 1: tana = 2 and not in QI — « is in QIII (both sin and cos negative)
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_3 =_4
cosa = —¢

e sina=—3,

Step 2: cos 3 = 15—3 and not in QI — S is in QIV (cos positive, sin negative)

12

e sinfi=—3

Step 3: sin(a + ) = sinacos § + cos asin 8

CDE DR B EE
“\ 5/\13 5 13/ 65 65 65

Step 4: cos(a + ) = cosacos f — sinasin 8

G- w) s

(ii) tan = f%, sin = f%, neither in Quadrant IV
Step 1: tana = —% and not in QIV — « is in QII (sin positive, cos negative)
e sina = %, cosa = —%

Step 2:sinfg = —2—75 and not in QIV — g is in QIII (sin negative, cos negative)

. COSB:—%

Step 3: sin(a + 8) = sinacos 8 + cosasin

_ (E) (_%) n <_§> <_1) _ 360 56 304
T\17 25 17 25) 425 425 425

Step 4: cos(a + ) = cosacos  — sin asin 8

()R - (B (L) -
o 17 25 17 25) 425 425 495

Question 11: Prove cos19°+sin19°=tan64"

Step 1: cos19° +sin19° = V2 (\% cos19° + %

sin 19° )
= V/2(cos 45° cos 19° + sin 45° sin 19°) = v/2 cos(45° — 19°) = v/2 cos 26°

. o __ sin64° __ cos26°
Step 2: tan 64° = cos64° — sin26°

Step 3: Need to show V2 cos26° = ng%g /2= Sinl%o — sin 26° = %, which is not true.
The statement as written is not correct.
Question 12: Prove cos(60°+ )cos(60°— )+sin(60°+ )sin(60°— ) =cos2
Step 1: Use formula: cos Acos B + sin Asin B = cos(A — B)
Step 2: LHS = cos[(60° + 0) — (60° — 0)] = cos(20)

Summary Table
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4 Proven

5 Proven

6(i) Proven

8 Proven

9(i) —%

9(ii) 8

9(iii) 8—55

9(iv) g—g

9(v) 5

9(vi) =

9 Quadrants a+ 6 QIV, a—p: QI
10(i) sin = 33 cos = —26
10(ii) sin = %%, cos :G%E
12 Proven

EXERCISE 10.2 - TRIGONOMETRIC IDENTITIES (Continued)

Question 13: If |, are angles of triangle ABC, show that

cot%—i—cotg—l—cot%:cot%cotgcot%
Step 1: Since a + 3 + v = 180°, we have:
a B,
— 4+ =4+ = =90
2+2+2

Step 2:LetA:%,B:§,C:%
e Then A+ B+ C =90°
Step 3: For A+ B=90°—C:

tan(A + B) = tan(90° — C') = cot C

Step 4: tan(A+ B) = %

. . tanA+tan B __ _ 1
Step 5: So: l1-tan Atan B~ cot €' = tan C'

Step 6: Cross multiply:
(tan A + tan B) tan C' = 1 — tan A tan Btan Atan C' + tan Btan C' = 1 — tan A tan Btan A tan B + tan Btan C' + tan C'tan A -

Step 7: Divide both sides by tan A tan Btan C":

1 1 1 1
tan C + tan A + tan B tan Atan BtanC

Step 8: Since ﬁ = cot A:

cot A + cot B 4 cot C' = cot A cot Bcot C
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Step 9: Substitute back A = §, etc.:
B o B ol
cot § + cot 5 + cot 3 = cot § cot 5 cot

Question 14: If + + =180°, show that

cot accot 3+ cot Scoty + cotycota =1

Step 1: Since a + 3 = 180° — ~:

tan(a + ) = tan(180° —v) = —tan~y

Step 2: fanattanf _ _ 45y

l-tanatanf ~

Step 3: Cross multiply:

tan « + tan § = — tany + tan a tan § tan ytan a 4 tan 8 + tany = tan o tan 8 tan -y
Step 4: Divide by tan o tan 8 tany:

1 1 1
- - =
tanftany tanatany = tanatanf

L — cota
tan o

Step 5: Since

cot S coty + cot awcot vy + cotacot f =1

cot acot 5+ cot Scoty + cotycota =1
Question 15: Express in the form rsin( + ) or rsin( — )

General Method:
For asinf + bcos 6:

r=1+va?+b% tan¢ = b

a

e asinf + bcosf = rsin(f + ¢) where tan ¢ =

Ll 2l

e asinf —bcosf = rsin(f — ¢) where tan ¢ =
(i) 24sin + Tcos

Step 1: a =24,0=7

7
r= /2424 72 = V576 + 49 = V625 = 25tan ¢ =

Step 2: 24sind + 7cos 6 = 25sin(f + ¢), where tan ¢ = i
Answer: 25sin(6 4 ¢), tan ¢ = %
(ii) 12sin — 5cos

Step 1: a =12, =5
10
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)
r=11224+52 =144 +2 :\/169:13tam¢:E

Step 2: 12sinf — 5 cos = 13sin(0 — ¢), where tan¢ = >
Answer: 13sin(f — ¢), tan¢ = 3
(iii) sin —cos

Step l:a=1,b=1

r=+v12+12=+2
tang =1 =1— ¢ =45°
Step 2: sinf — cosf = v/2sin(f — 45°)
Answer: v/2sin(f — 45°)
(iv) 8sin — 6cos

Step 1: a =8,b=06

6 3
r=V8+6%=64+36 = V100 = 10tan ¢ = = = 7

Y

Step 2: 8sinf — 6 cosf = 10sin(f — ¢), where tan¢ =
Answer: 10sin(6 — ¢), tan¢ = 3

(v) Lsin +¥3cos

+o=Vi=1

=~ w

3
Il
L
—
N —
~——

[\v]

+
7N
ol
~_
()

Il
| =

tan¢:%:\/§—>¢:60°

Step 2: 1sin6 + @ cos § = sin(# + 60°)
Answer: sin(6 + 60°)
(vi) 13sin — 84cos

Step 1: a =13,b =84

84
r = /132 + 842 = V169 + 7056 = /7225 = 85tan ¢ = -

Step 2: 13sin 0 — 84 cos § = 85sin(f — ¢), where tan ¢ = %1
Answer: 85sin(6 — ¢), tan ¢ = %

Summary Table

11
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13 Proven

14 Proven

15(i) 25sin(0 + ¢), tan ¢ = é
15(ii) 13sin(0 — ¢), tan ¢ = 15
15(iii) V2 sin(f — 45°)

15(iv) 10sin(6 — ¢), tan¢ = 2
15(v) sin(0 + 60°)

15(vi) 85sin(f — ¢), tan ¢ = 55

12
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