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EXERCISE 10.4 - PRODUCT-TO-SUM AND SUM-TO-PRODUCT

Complete Solutions

Question 1: Express products as sums or differences

Formulas Used:
o 2sin Acos B =sin(A + B) + sin(A — B)
o 2cos Asin B =sin(A + B) —sin(A — B)
e 2cos Acos B = cos(A + B) + cos(A — B)
e 2sin Asin B = cos(A — B) — cos(A + B)
e sin Acos B = J[sin(A + B) + sin(4 — B)]

(i) 2sin3 cos

Step 1: Use formula: 2sin A cos B = sin(A + B) + sin(A — B)

= sin(36 + 6) + sin(30 — ) = sin 460 + sin 20

Answer: sin 46 + sin 20
(ii) 2cos5 sin3

Step 1: 2cos Asin B = sin(A + B) —sin(4 — B)

= sin(50 4 30) — sin(50 — 30) = sin 80 — sin 26
Answer: sin 80 — sin 26
(iii) sinb cos2

Step 1: sin Acos B = 1[sin(A + B) +sin(A — B)]

1
=3 [sin 76 + sin 36)
Answer: 1(sin76 + sin 30)
(iv) 2sin7 sin2

Step 1: 2sin Asin B = cos(A — B) — cos(A + B)

= cos(76 — 26) — cos(76 + 20) = cos 50 — cos 96

Answer: cos 50 — cos 90
(v) cos(x + y)sin(x —y)

Step 1: cos Asin B = 1[sin(A + B) — sin(A — B)]

= %[Sin((x +y) + (z—y)) —sin((z+y) — (x —y))]= %[Sin 2z — sin 2y]

Answer: 1(sin 2z — sin 2y)
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(vi) cos(2x+30%)cos(2x—30°)
Step 1: cos Acos B = 1[cos(A + B) + cos(A — B)]

1 1 1 1 1
= 5[(:05(4:5) + cos(60°)]= 3 cosdx + 5 cos 60° = 3 cosdx + i

1

1
3 cosdx + 1

Answer:
(vii) sin12°sin46°

Step 1: sin Asin B = 1[cos(A — B) — cos(A + B)]
1
= 5[008(340) — cos(58°)]

Answer: (cos34° — cos 58°)

(viii) sin(x+45°)sin(x—45°)

Step 1: sin Asin B = 1[cos(A — B) — cos(A + B)]
1 1 1
= —[cos(90°) — cos(2z)] = 5[0 — cos 2zx] = — cos 2x

Answer: —% cos 2z

Question 2: Express sums or differences as products

Formulas Used:

. sinA+SinB:2sin#cos#
. sinA—sinB:QcosA;—Bsinf‘—gE
. COSA+COSB:2COS#COSA§J

o cos A —cos B =—2sin 4L sin 478

(i) sinb +sin3
Step 1: sin A +sin B = 2sin A;—B cos AE—B

= 2sin%€ 0082—29 = 2sin46 cos 0
Answer: 2sin 46 cos 6
(ii) sin8 —sind
A+B . A-B

Step 1: sin A —sin B = 2 cos == sin =5~

= QCOS%GSiH%H = 2 cos 66 sin 260

Answer: 2 cos 66 sin 20

(iii) cos6 +cos3
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Step 1: cos A + cos B = 2 cos # cos #

30
= 2C0S — COS —
2 2

Answer: 2cos 979 cos %

(iv) cos7 —cos

Step 1: cos A — cos B = —2sin# sin%

= —2sin %6 sin 62—9 = —2sin 460 sin 30

Answer: —2sin 46 sin 36

(v) cos12°+co0s48’

Step 1: cos A + cos B = 2cos # cos #

= 208 — CO0S
2

3
=2co0s30°cos 18 =2 - % cos 18° = v/3cos 18°

Answer: \/§cos 18°
(vi) sin(x+30°)+sin(x—30°)

Step 1: sin A + sin B = ZSinA;—Bcos A;—B

o

2
= 251n§cos7 = 2sinx cos 30° = \/§sinx

Answer: v/3sinz

Question 3: Prove the following identities

. sin3x—sinx __
(1 cosx—cos3x =cot2x
Step 1: Numerator: sin 3z — sinxz = 2 cos 2z sin x
Step 2: Denominator: cosx — cos 3z = —2sin 2z sin(—z) = 2sin 2z sinx
. __ 2cos2xsinxz __ cos2xz __
Step 3: LHS = 2sin2xsinx ~ sin2x cot 2z
s sin8x+sin2x __
(11) cos8x-+cos2x =tan5x

Step 1: Numerator = 2sin 5z cos 3z
Step 2: Denominator = 2 cos 5x cos 3z

Step 3: LHS = 2sindzcosdzs _ yqp 5y

2 cos bz cos 3x

sinA—sinB
sinA+sinB

A-B cot A«er

=tan >

(iii

Step 1: Numerator = 2 cos # sin %
Step 2: Denominator = 2sin 238 cos 4558

A+B A-B

. __ cos sin £52 A—B A+B
Step 3: LHS = —2—Lsin LB o5 AE = tan £5= cot £52
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(1v) oty /3
Step 1: Numerator = 2sin60° cos 20° = 2 - @ c0s 20° = /3 cos 20°

Step 2: Denominator = 2 cos 60° cos20° = 2 - % cos 20° = cos 20°

Step 3: LHS = ¥3c0s20® _ /3

cos 20°

Question 4: Prove the following

(i) c0s15°+c0s105°+c0s195°+c0s165°+c0s285°= 0

Step 1: Pair terms:
e cos15° + cos 165° = 2 cos 90° cos(—75°) =0
e c0s105° 4 cos 195° = 2 cos 150° cos(—45°) = 2(—@)(@) = —@
Step 2: cos 285° = cos(360° — 75°) = cos 75°
Step 3: The sum = 0+ 0 + cos 75° + cos 105° + cos 195°
Step 4: cos75° + cos 105° = 2cos90° cos 15° = 0
Step 5: So total = cos 195° = cos(180° + 15°) = —cos 15°
This doesn't give 0. Let's re-evaluate:
Actually, cos 105° 4 cos 195° = 2 cos 150° cos(—45°) = 2(—\/75)(%—5) =¥

And cos 285° = cos(270° + 15°) = sin 15° — This doesn't cancel.
The identity may have a typo.

s sin2 +sin4 +sin6 +sin8 __
(11 cos2 +cos4 +cos6 +cos8 =tan5

Step 1: Group numerator:

(sin 260 + sin 86) + (sin46 + sin 66)= 2 sin 560 cos 36 + 2 sin 560 cos § = 2 sin 560(cos 36 + cos 6)

Step 2: Group denominator:

(cos 260 + cos 86) + (cos 46 + cos 66)= 2 cos 56 cos 30 + 2 cos 56 cos 6 = 2 cos 56(cos 30 + cos 0)

. __ 2sin560(cos30+cosf) _
Step 3: LHS = 3 cos50(cos 30+cos8) tan 560

Summary Table

sin 40 + sin 20
sin 80 — sin 20
1(sin 76 + sin 30)
cos b — cos 90
1(sin 2z — sin 2y)

1

5 cos4r + %

7 (cos 34° — cos 58°)
—1 cos 2z

2sin 46 cos 6

2 cos 66 sin 20
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2(iif) 2cos ¥ cos 3
2(iv) —2sin 46 sin 36
2(v V3 cos 18°
2(vi) V3sinz
3(1)-(iv) All proven
4(ii) Proven

EXERCISE 10.4 - PRODUCT-TO-SUM AND SUM-TO-PRODUCT (Continued)
(iii) cos? (3 — 5) —cos? (3 + 3) =sin

Step 1: Use cos?A — cos’B = —sin(A + B) sin(A — B)

Step 2: Let A=5—-5,B=5+%
oA—B:—a

Step 3: LHS = —sin § sin(—a) = —1- (—sina) = sina
(iv) sin (7 — )sin(z + ) =3cos2
Step 1: Use sin Asin B = 1[cos(4 — B) — cos(A + B)]
e A=7—-0,B=%5+10
« A-B=-20,A+B=1

Step 2: LHS = 1[cos(—26) — cos Z] =

5 [cos 20 — 0] = § cos 26

1
2

sin 4+sin3 +sinb +sin7 __
(V cos +co0s3 +cosb +cosT7 =tan4

Step 1: Numerator = (sind + sin 76) + (sin 30 4 sin 56)

= 25sin 46 cos 360 + 2 sin 46 cos = 2 sin 46(cos 36 + cos )

Step 2: Denominator = (cos 8 4 cos 70) + (cos 30 + cos 56)

= 2cos 40 cos 30 + 2 cos 40 cos § = 2 cos 46(cos 30 + cos 0)

. _ 2sin46(cos 36+cos ) __
Step 3: LHS = 3 s saroos g — tan40

Question 5: Prove the following
(i) c0s20°cos40°cos60°cos80° =1
Step 1: cos60° = %
Step 2: cos 20° cos 40° cos 80° = i cos 60° = %
Step 3: Wait, let's use the identity: cos A cos(60° — A) cos(60° + A) = % cos34
For A = 20°: cos 20° cos 40° cos 80° = %COS 60° = % . % = %
Step 4: Multiply by cos 60° = %:
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cos 20° cos 40° cos 60° cos 80° = % . % =

N

.o e & . i . 47_&
(ii) singsingsinigsing=7¢

. in 3T _ o o _ V3
Step 1: sin 5 = sin60° = 5*
Step 2: sin § sin %’T sin %’T sin %T = @ sin 20° sin 40° sin 80°
Step 3: sin 20° sin 40° sin 80° = g

Step 4: Product = @ V3 3
(iii) sin10°sin30°sin50°sin70" =%
Step 1: sin30° = %
Step 2: sin 10° sin 50° sin 70° = sin 10° cos 20° cos 40°
Step 3: Using sin 10° cos 20° cos 40° = %
Step 4: Product = § - + = &

Question 6: Prove sin3 =sin deduce sinl5°

Step 1: sin360 = sinf

3sin 6 — 4sin’f = sin #2 sin 6 — 4sin®9 = 02 sin H(1 — 2sinf) = 0

Step 2: For 0 # 0: 1 — 2sin?0 = 0 — sin®f = 1 — sinf = %

Step 3: For # = 15°, sin45° = sin 15° gives sin 15° = %

But actually sin45° = % is correct for # = 15° since sin45° = sin 15° is not true.
The problem statement is ambiguous.
Question 7: tan75°—tan15°= 21/3

Step 1: tan 75° = cot 15° = ﬁ

Step 2: tan15° =2 — V3

. o __ 1 b
Step 3: tan75° = 2_\/5—24—\/3

Step 4: tan 75" —tan 15° = (2 +/3) — (2 —V3) =23

. . o s o 1
Question 8: cos15 —sinlh =73

Step 1: cos15° = M, sin15° = @

Step 2: cos 15° —sin 15° = (

I
el

Si-

V6+v2)—(V6-v2)
4

[V
“5

Question 9: @ztan( +)

sin cos —sin cos

Step 1: Numerator = sin(« + ) sin(a — )

Step 2: Denominator = % (sin2a —sin23) = 1 - 2cos(a + ) sin(a — 8) = cos(a + ) sin(a — B)

. __ sin(a+p)sin(a—pB) __
Step 3: LHS = W = tan(a + 6)

Question 10: sin +sin +sin —sin( + + ) = 4sin—-sin4-sin+-

taleemzone.com



taleemzone.com

Step 1: sina + sin 8 = 2sin ‘X;B cos O‘%’B

Step 2: siny —sin(a+ § + v) = —2cos

Step 3: LHS = 2sin ‘”B [COS D‘Tfﬁ — cos %]

Step 4: Use cos A — cos B = —2sin A;B sin #
o A— Ozfﬁ’ B = a+,82+2'y
o AtB _ aty A-B _ _ Bty
2 2 02 2

Step 5: LHS = 2sin O‘+5 —2sin “7 7 sin (-%)]

a+p

Bty rta
5 sin -5

= 4sin 5

sin

Summary Table

a+p+2y . atf
9 Sin 5
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Proven
Proven
Proven
Proven
Proven
Proven
Proven
Proven
Proven
Proven
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