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EXERCISE 12.1 - LIMITS OF SEQUENCES

Complete Solutions

Question 1: Find the limit of the following sequences if exists

(i) a,= 2nn:13

Step 1: Divide numerator and denominator by n (highest power in denominator)

2n+3 2+
a, = =
"oon+41 1+

Sl

S

Step2:Asn%oo,%%0and%%O
Step 3: lim a, =20 =9

n—oo-'n — 140 ~

Answer: 2

(i) b, =232

Step 1: Divide numerator and denominator by n? (highest power in denominator)

243 244

"o+l 14+ 4

|

2

b

Step2:Asn—>oo,%—>0,%—)O,andﬁeo

.13 _ 0+0 __
Step 3: lim,,_, b, = ﬁ =0
Answer: 0

2
(iii) c,= 25r:r3

Step 1: Divide numerator and denominator by n (highest power in denominator)

5n? 5n
[S— =
"o 2m+3 243

Step 2: As n — oo, numerator 5n — 0o, denominator 2 + % — 2
Step 3: lim ¢,, = oo (diverges)

n—oo "N

Answer: Does not exist (diverges to infinity)

. 2_
(IV) dn: 121112321—411

Step 1: Divide numerator and denominator by n? (highest power overall)

d _n2—3n—|—1_17
"2 4n+4 24

3 =3 e
+|+

:w‘ -~ :N‘ =

Step 2: As n — oo, all terms with % or # tend to 0

s _1-040 _ 1
Step 3: lim,_,  d, = 57010 — 2

Answer: %
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Summary Table

Sequence Limit
_ 2n+3
n = i1 2
b = 272L+3 0
n n?+1
__ 5n? q 3
Cn = 3743 Does not exist (diverges)
d = n?—3n+1 1
n — 2n2+4n+4 2

EXERCISE 12.1 - LIMITS (Continued)

Complete Solutions
Question 2: Evaluate each limit by using theorems of limits
(i) limy_,5(2x + 4)

Step 1: Direct substitution:

lim (22 + 4) = 2(3) + 4 = 10
r—3

Answer: 10

(ii) limy_,;(3x%2—2x + 4)

x%l(
Step 1: Direct substitution:
3(1)2—=2(1)+4=3-2+4=5

Answer: 5
(iii) lim, ,53vx2%2+x+4

Step 1: Direct substitution:

VB)2+3+4 =V9+3+4=16=4
Answer: 4
(iv) lim, ,,vx2+4

Step 1: Direct substitution:

V2 4+4=Vit+i=v8=2V2
Answer: 2v/2
(v) lim,_,ovx2+1—vx2+5

Step 1: Direct substitution:

VITI-VIT5=v5—Vo=+5-3

Answer: v5—3
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2x345x

(Vi) liInxa2 3x—2

Step 1: Direct substitution:

2(2)% +5(2)  16+10 26 13

32) -2 6-—2 4 2

Answer: 12—3

Question 3: Evaluate each limit by using algebraic techniques

3

(1) hmx%l%
Step 1: Factor numerator: 23 — 2z = z(2?2 — 1) = z(x — 1)(z + 1)
Step 2: Cancel (z + 1):
—1 1
limw = limz(z —1) =1(0) =0
z—1 x+1 r—1
Answer: 0
(CIRININE = =

Step 1: Factor numerator: 22 — 5z + 6 = (z — 2)(z — 3)
Step 2: Factor denominator: 22 — 2z — 3 = (z — 3)(x + 1)

Step 3: Cancel (z — 3):

Answer: =

x3-8

Step 1: Factor numerator: 2° — 8 = (z — 2)(2? + 2z + 4)
Step 2: Factor denominator: 22 — 5z + 6 = (z — 2)(x — 3)

Step 3: Cancel (z — 2):

lim(x—Q)(:v2+2:E+4) _ hmﬂc2+2x+4 _ A4+ 12
e»2  (z—2)(x—3)  =s2 2—3 2-3 -1
Answer: -12

(iv) limx_ﬂ% (Note: Numerator is (x — 1)3)

Step 1: Factor numerator: 23 — 322 +3z — 1 = (v — 1)3
Step 2: Factor denominator: 22 —x = z(z — 1)

Step 3: Cancel (z —1):

Answer: 0
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(V) limxaz x3—6xx32j—41x2x—8
Step 1: Factor numerator: z° — 622 + 12z — 8 = (z — 2)3
Step 2: Factor denominator: o3 — 4z = z(2? — 4) = z(z — 2)(z + 2)
Step 3: Cancel (x — 2):
__23 _»22
=2, =20
e-2x(x —2)(x+2)  «2z(x+2)  2(4)
Answer: 0
N 1 x4_
(VI) 11H1x~>1 x373x1+2

Step 1: Factor numerator: 2% — 1 = (z — 1)(z + 1)(2% + 1)
Step 2: Factor denominator: 23 — 3z + 2

e z=1isaroot: 1 -3+2=0
e Divide: 23 -3z +2=(z—1)(2?+2—-2)=(z—D(z+2)(z— 1) = (2 — 1)} (z + 2)
Step 3: Cancel (z — 1):

pEeDEtE ) (@ 1)+ ])
1 (z—12(x+2) el (z—1)(z+2)

This gives 22 = oo (still undefined)
Step 4: Let's re-evaluate: The limit does not exist (infinite).

Answer: Does not exist (diverges to infinity)

ee\ 1s x—2
(vii) hmx—>27m,\/ﬂ

Step 1: Rationalize the denominator:

r—2 X\/&—+‘2+\/m_ (z—2)(Ve+2+V6—2) (2—2)(Vo+2+V6—x)
Vit2—vV6—z Vr+2+V6—z (x+2)—(6—2x) - 2 —4

Step 2: 2z —4 = 2(x —2)
Step 3: Cancel (z —2):

VT2 VE—a VA VE 242

li 2
r—2 2 2 2
Answer: 2
(viii) limy,_,o 2RV
Step 1: Rationalize the numerator:
\/x+h—\/§><\/x+h+\/5_ (x+h)—x h B 1
h Ve+h+vr h(vVz+h++yz) h(Vz+h+yz) Ve+h+Jz

Step 2: limhﬁom = ﬁ
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Answer: PN

. . x27a2
(IX) hmxﬂoﬁ
2

0—a” _ 1

Step 1: Direct substitution: §=57

Answer: 1
Question 4: Evaluate the following limits

(1) Tim, g #28

Step 1: Use lim, , 329 = ¢

. sinbx
lim =35
z—0 T
Answer: 5
e 1 inx2
(i) Tim,_,q 52
St 1: sin z2 _ sin z2
ep 1: & =202 .
s 2
sin .
hmT-hmle-Ozo
x—0 X x—0

Answer: 0

(iii) lim g t=sos

—0 sin
: 1 — — 9%in2f sinfh = 2sin & [}
Step 1: 1 —cosf) = 2sin” 5, sinf) = 2sin 3 cos 3
.29 0
. l—cosf __ 2sin 5 _ sing 0
Step 2: sin 2sin%cosg - ﬁsg = tan 2

Step 3: lim,y_,, tang =0
Answer: 0

sinx—cosx

X—z

(iv) lim,,
Step 1: Let h=x— J,sox =7 +h
Step 2: sin(j + h) —cos(§ + h)

1 1 1 1 2
= ——=cosh+ —=sinh| — [ —=cosh— —=sinh | = —sinh = V2sinh

Step 3: limh_ﬂ)@ =2
Answer: \/5

(V) hmxﬂO cosax—cosbx

Step 1: Use cos A — cos B = —2sin % sin A%B

b —b
cosaxr — cosbr = —2sin (a—; )xsin (a )ac
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Step 2: cosaw—zcosbz —_9. sin le0p2 . Sin%
x x xT
5. a7 b a—b sin <a+2b)$ sin (“_Qbm
- e 92 ’ 92 T (atb)r T (a—b)z
2 2

Step 3: As x — 0, the sine ratios tend to 1:

a+b a—b  (a+b)(a—b) b*—d?

= —2 — =
2 2 2 2
Answer: @
Y tanx—1
(vi) hmxﬁZ%
Step 1: Let h=2x—F,s0x =75 +h
Step 2: tan(Z +h) — 1 = Htanh _q . Ztanh

2tanh

Step 3: lim,_,(Ttek =lim, o2 - 220 =2.1 =2

Answer: 2

1—cos2x

(vii) lim, o3

Step 1: 1 —cos2x = 2sin’z

Step 2: 2sin’s _ 2(w)2

2 T

Step 3: lim, 2 (322)° = 2(1)? = 2

x

Answer: 2

s cosax—cosbx
(Vlll) th%O coscx—cosdx
e : Using cos A — cos B = —2sin “5= sin 5=
Step 1: Using cos A B = —2sin 4L sin 478
—924in (atb)z sin (a—b)z sin (at+b)z sin (a—b)z
lim . (c+2d)x . (cfd)z = lim . (C+2d)a: . (cfd):c
z—=0 -2 sin 5 sin 5 z—=0gin 5 sin =5
. sin(kx) .
Step 2: Asz — 0, =~ — Lt
ath . azb a+b(a—b) a%—0b?
T ctd | c—d 2 2
etd . oo ( d)(c—d) ¢*—d
2 2
Answer: %

x3-1

(ix) lim, 3 o=

Step 1: Factor:

?—1 (2—-1D@*+z+1) 2®+ax+1
22—1  (z—1D@+1) z+1

1+1+41 _ 3

Step 2: lim

z—1 1+1 2
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Answer: =

: x2—xInx+3lnx—9
(X) hmx~>3 x—3

Step 1: Factor numerator: 2> —9 —xlnz +3lnz = (zr — 3)(x +3) — (x — 3) Inx
Step 2: = (z —3)(x +3—Inx)

(z—3)(z+3—Inx)

Step 3: lim,_,4 3

=lim, s(z+3—Inz)=6—1n3
Answer: 6 —In3

x(2*-1)
x—0 1—cosx

(xi) lim

.2
Step 1: 1 — cosx = 2sin”§

l—cosz 2sin” 5 x 2sin

Step 2: Z2=L _ 22 1) _ 271 _a? 271 9. (%z >2

@ x 2
Step 3: limmﬁo% =1In2, and lim,_, (Si§£> =1
Step 4: Limit = (In2)-2-1=2In2
Answer: 21n2

Question 5: Express each limit in terms of e
. . 1\
(1) limy,_, o (1 + H) =e

Answer: e

.. . n/2
(i) Tim, . (1+ 1)

Step 1: = [limnHOO (1+ %>n]1/2 =ell2 = /e

Answer: /e

(iii) lim 1)"

n—o0 (1 T hn
Step 1: = lim, , (1+=1)"=e1=1
Answer: é
. . n
(iv) Timy, o (14 55)

Step 1: Let m = 3n, then n = %

m/3

= lim (1—}——)
m-—00 m

Answer: el/3

(v) lim, o (1+2)°

Step 1: =lim,_, (1 + %)n =et

Answer: ¢?

(vi) lim, (1 + 3x)"/*
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Step 1: This is lim,, ,__(3z +1)'/*
Step 2: = lim, ,__ex 2B7+D) = elimaoo M = 00 = 1
Answer: 1
(vii) lim,_,o(1 + 2x2)"*
Step 1: — im0 202220 kim0 2% lim, 020 _ 0 _
Answer: 1
(viii) lim,_ 052
Step 1: ® — %% = 2% (el170)r — 1)
. ax (1—a)x _ _
Step 2: lim, (% - “— 1 =$~(1—a)=1(7a
Answer: =2
ab
. . X
N (ix) lmy_, o (li—x)
. xr o 1 T
Step 1: (137) = (1-13)
Step 2: Let n =142, as x — o0, n — 00:
I
= lim (1 — ») = -
n—oo n e
Answer: é
Vo A’ (x) lim, o &1t=1
Answer: 1
P o (xi) limxﬁoﬁzg: 0

Answer: 0

o {]) (xii) lim,_,, <=

Step 1: This is the derivative of e* at x = 2:

Answer: e2

Summary Table

2(i) 10

2(ii) 5

2(iii) 4

2(iv) 2v/2
2(v V5—3
2(vi) 2

33 0
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