
EXERCISE 12.1 - LIMITS OF SEQUENCES

Complete Solutions

Question 1: Find the limit of the following sequences if exists

(i) an= 2n+3
n+1

Step 1: Divide numerator and denominator by 𝑛 (highest power in denominator)

𝑎𝑛 = 2𝑛 + 3
𝑛 + 1 = 2 + 3

𝑛
1 + 1

𝑛

Step 2: As 𝑛 → ∞, 3
𝑛 → 0 and 1

𝑛 → 0
Step 3: lim𝑛→∞𝑎𝑛 = 2+0

1+0 = 2
Answer: 2

(ii) bn= 2n+3
n2+1

Step 1: Divide numerator and denominator by 𝑛2 (highest power in denominator)

𝑏𝑛 = 2𝑛 + 3
𝑛2 + 1 =

2
𝑛 + 3

𝑛2

1 + 1
𝑛2

Step 2: As 𝑛 → ∞, 2
𝑛 → 0, 3

𝑛2 → 0, and 1
𝑛2 → 0

Step 3: lim𝑛→∞𝑏𝑛 = 0+0
1+0 = 0

Answer: 0

(iii) cn= 5n2

2n+3

Step 1: Divide numerator and denominator by 𝑛 (highest power in denominator)

𝑐𝑛 = 5𝑛2

2𝑛 + 3 = 5𝑛
2 + 3

𝑛

Step 2: As 𝑛 → ∞, numerator 5𝑛 → ∞, denominator 2 + 3
𝑛 → 2

Step 3: lim𝑛→∞𝑐𝑛 = ∞ (diverges)

Answer: Does not exist (diverges to infinity)

(iv) dn= n2−3n+1
2n2+n+4

Step 1: Divide numerator and denominator by 𝑛2 (highest power overall)

𝑑𝑛 = 𝑛2 − 3𝑛 + 1
2𝑛2 + 𝑛 + 4 = 1 − 3

𝑛 + 1
𝑛2

2 + 1
𝑛 + 4

𝑛2

Step 2: As 𝑛 → ∞, all terms with 1
𝑛 or 1

𝑛2 tend to 0

Step 3: lim𝑛→∞𝑑𝑛 = 1−0+0
2+0+0 = 1

2

Answer: 1
2
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Summary Table

Sequence Limit
𝑎𝑛 = 2𝑛+3

𝑛+1 2
𝑏𝑛 = 2𝑛+3

𝑛2+1 0
𝑐𝑛 = 5𝑛2

2𝑛+3 Does not exist (diverges)
𝑑𝑛 = 𝑛2−3𝑛+1

2𝑛2+𝑛+4
1
2

EXERCISE 12.1 - LIMITS (Continued)

Complete Solutions

Question 2: Evaluate each limit by using theorems of limits

(i) limx→3(2x + 4)

Step 1: Direct substitution:

lim
𝑥→3

(2𝑥 + 4) = 2(3) + 4 = 10

Answer: 10

(ii) limx→1(3x2−2x + 4)

Step 1: Direct substitution:

3(1)2 − 2(1) + 4 = 3 − 2 + 4 = 5

Answer: 5

(iii) limx→3
√

x2+x + 4

Step 1: Direct substitution:

√(3)2 + 3 + 4 =
√

9 + 3 + 4 =
√

16 = 4

Answer: 4

(iv) limx→2
√

x2+4

Step 1: Direct substitution:

√22 + 4 =
√

4 + 4 =
√

8 = 2
√

2

Answer: 2
√

2
(v) limx→2

√
x2+1−

√
x2+5

Step 1: Direct substitution:

√
4 + 1 −

√
4 + 5 =

√
5 −

√
9 =

√
5 − 3

Answer:
√

5 − 3
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(vi) limx→2
2x3+5x

3x−2

Step 1: Direct substitution:

2(2)3 + 5(2)
3(2) − 2 = 16 + 10

6 − 2 = 26
4 = 13

2

Answer: 13
2

Question 3: Evaluate each limit by using algebraic techniques

(i) limx→1
x3−x
x+1

Step 1: Factor numerator: 𝑥3 − 𝑥 = 𝑥(𝑥2 − 1) = 𝑥(𝑥 − 1)(𝑥 + 1)
Step 2: Cancel (𝑥 + 1):

lim
𝑥→1

𝑥(𝑥 − 1)(𝑥 + 1)
𝑥 + 1 = lim

𝑥→1
𝑥(𝑥 − 1) = 1(0) = 0

Answer: 0

(ii) limx→3
x2−5x+6
x2−2x−3

Step 1: Factor numerator: 𝑥2 − 5𝑥 + 6 = (𝑥 − 2)(𝑥 − 3)
Step 2: Factor denominator: 𝑥2 − 2𝑥 − 3 = (𝑥 − 3)(𝑥 + 1)
Step 3: Cancel (𝑥 − 3):

lim
𝑥→3

(𝑥 − 2)(𝑥 − 3)
(𝑥 − 3)(𝑥 + 1) = lim

𝑥→3
𝑥 − 2
𝑥 + 1 = 3 − 2

3 + 1 = 1
4

Answer: 1
4

(iii) limx→2
x3−8

x2−5x+6

Step 1: Factor numerator: 𝑥3 − 8 = (𝑥 − 2)(𝑥2 + 2𝑥 + 4)
Step 2: Factor denominator: 𝑥2 − 5𝑥 + 6 = (𝑥 − 2)(𝑥 − 3)
Step 3: Cancel (𝑥 − 2):

lim
𝑥→2

(𝑥 − 2)(𝑥2 + 2𝑥 + 4)
(𝑥 − 2)(𝑥 − 3) = lim

𝑥→2
𝑥2 + 2𝑥 + 4

𝑥 − 3 = 4 + 4 + 4
2 − 3 = 12

−1 = −12

Answer: -12

(iv) limx→1
x3−3x2+3x−1

x2−x (Note: Numerator is (x − 1)3)

Step 1: Factor numerator: 𝑥3 − 3𝑥2 + 3𝑥 − 1 = (𝑥 − 1)3

Step 2: Factor denominator: 𝑥2 − 𝑥 = 𝑥(𝑥 − 1)
Step 3: Cancel (𝑥 − 1):

lim
𝑥→1

(𝑥 − 1)3

𝑥(𝑥 − 1) = lim
𝑥→1

(𝑥 − 1)2

𝑥 = 0
1 = 0

Answer: 0
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(v) limx→2
x3−6x2+12x−8

x3−4x

Step 1: Factor numerator: 𝑥3 − 6𝑥2 + 12𝑥 − 8 = (𝑥 − 2)3

Step 2: Factor denominator: 𝑥3 − 4𝑥 = 𝑥(𝑥2 − 4) = 𝑥(𝑥 − 2)(𝑥 + 2)
Step 3: Cancel (𝑥 − 2):

lim
𝑥→2

(𝑥 − 2)3

𝑥(𝑥 − 2)(𝑥 + 2) = lim
𝑥→2

(𝑥 − 2)2

𝑥(𝑥 + 2) = 0
2(4) = 0

Answer: 0

(vi) limx→1
x4−1

x3−3x+2

Step 1: Factor numerator: 𝑥4 − 1 = (𝑥 − 1)(𝑥 + 1)(𝑥2 + 1)
Step 2: Factor denominator: 𝑥3 − 3𝑥 + 2

• 𝑥 = 1 is a root: 1 − 3 + 2 = 0
• Divide: 𝑥3 − 3𝑥 + 2 = (𝑥 − 1)(𝑥2 + 𝑥 − 2) = (𝑥 − 1)(𝑥 + 2)(𝑥 − 1) = (𝑥 − 1)2(𝑥 + 2)

Step 3: Cancel (𝑥 − 1):

lim
𝑥→1

(𝑥 − 1)(𝑥 + 1)(𝑥2 + 1)
(𝑥 − 1)2(𝑥 + 2) = lim

𝑥→1
(𝑥 + 1)(𝑥2 + 1)
(𝑥 − 1)(𝑥 + 2)

This gives 2⋅2
0 = ∞ (still undefined)

Step 4: Let's re-evaluate: The limit does not exist (infinite).

Answer: Does not exist (diverges to infinity)

(vii) limx→2
x−2√

x+2−
√

6−x

Step 1: Rationalize the denominator:

𝑥 − 2√𝑥 + 2 −
√

6 − 𝑥 ×
√𝑥 + 2 +

√
6 − 𝑥√𝑥 + 2 +

√
6 − 𝑥= (𝑥 − 2)(√𝑥 + 2 +

√
6 − 𝑥)

(𝑥 + 2) − (6 − 𝑥) = (𝑥 − 2)(√𝑥 + 2 +
√

6 − 𝑥)
2𝑥 − 4

Step 2: 2𝑥 − 4 = 2(𝑥 − 2)
Step 3: Cancel (𝑥 − 2):

lim
𝑥→2

√𝑥 + 2 +
√

6 − 𝑥
2 =

√
4 +

√
4

2 = 2 + 2
2 = 2

Answer: 2

(viii) limh→0

√
x+h−√

x
h

Step 1: Rationalize the numerator:

√
𝑥 + ℎ − √𝑥

ℎ ×
√

𝑥 + ℎ + √𝑥√
𝑥 + ℎ + √𝑥= (𝑥 + ℎ) − 𝑥

ℎ(
√

𝑥 + ℎ + √𝑥) = ℎ
ℎ(

√
𝑥 + ℎ + √𝑥) = 1√

𝑥 + ℎ + √𝑥

Step 2: limℎ→0
1√

𝑥+ℎ+√𝑥 = 1
2√𝑥
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Answer: 1
2√𝑥

(ix) limx→0
x2−a2

x2−a2

Step 1: Direct substitution: 0−𝑎2
0−𝑎2 = 1

Answer: 1

Question 4: Evaluate the following limits

(i) limx→0
sin5x

x

Step 1: Use lim𝑥→0
sin 𝑎𝑥

𝑥 = 𝑎

lim
𝑥→0

sin 5𝑥
𝑥 = 5

Answer: 5

(ii) limx→0
sinx2

x

Step 1: sin 𝑥2
𝑥 = sin 𝑥2

𝑥2 ⋅ 𝑥

lim
𝑥→0

sin 𝑥2

𝑥2 ⋅ lim
𝑥→0

𝑥 = 1 ⋅ 0 = 0

Answer: 0

(iii) lim�→0
1−cos�

sin�

Step 1: 1 − cos 𝜃 = 2sin2 𝜃
2 , sin 𝜃 = 2 sin 𝜃

2 cos 𝜃
2

Step 2: 1−cos 𝜃
sin 𝜃 = 2sin2 𝜃

2
2 sin 𝜃

2 cos 𝜃
2

= sin 𝜃
2

cos 𝜃
2

= tan 𝜃
2

Step 3: lim𝜃→0 tan 𝜃
2 = 0

Answer: 0

(iv) limx→ �
4

sinx−cosx
x− �

4

Step 1: Let ℎ = 𝑥 − 𝜋
4 , so 𝑥 = 𝜋

4 + ℎ
Step 2: sin( 𝜋

4 + ℎ) − cos( 𝜋
4 + ℎ)

= ( 1√
2

cos ℎ + 1√
2

sin ℎ) − ( 1√
2

cos ℎ − 1√
2

sin ℎ) = 2√
2

sin ℎ =
√

2 sin ℎ

Step 3: limℎ→0
√

2 sin ℎ
ℎ =

√
2

Answer:
√

2
(v) limx→0

cosax−cosbx
x2

Step 1: Use cos 𝐴 − cos 𝐵 = −2 sin 𝐴+𝐵
2 sin 𝐴−𝐵

2

cos 𝑎𝑥 − cos 𝑏𝑥 = −2 sin (𝑎 + 𝑏)𝑥
2 sin (𝑎 − 𝑏)𝑥

2
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Step 2: cos 𝑎𝑥−cos 𝑏𝑥
𝑥2 = −2 ⋅ sin (𝑎+𝑏)𝑥

2
𝑥 ⋅ sin (𝑎−𝑏)𝑥

2
𝑥

= −2 ⋅ 𝑎 + 𝑏
2 ⋅ 𝑎 − 𝑏

2 ⋅ sin (𝑎+𝑏)𝑥
2

(𝑎+𝑏)𝑥
2

⋅ sin (𝑎−𝑏)𝑥
2

(𝑎−𝑏)𝑥
2

Step 3: As 𝑥 → 0, the sine ratios tend to 1:

= −2 ⋅ 𝑎 + 𝑏
2 ⋅ 𝑎 − 𝑏

2 = −(𝑎 + 𝑏)(𝑎 − 𝑏)
2 = 𝑏2 − 𝑎2

2

Answer: 𝑏2−𝑎2
2

(vi) limx→ �
4

tanx−1
x− �

4

Step 1: Let ℎ = 𝑥 − 𝜋
4 , so 𝑥 = 𝜋

4 + ℎ
Step 2: tan( 𝜋

4 + ℎ) − 1 = 1+tan ℎ
1−tan ℎ − 1 = 2 tan ℎ

1−tan ℎ

Step 3: limℎ→0
2 tan ℎ

1−tan ℎ
ℎ = limℎ→0

2
1−tan ℎ ⋅ tan ℎ

ℎ = 2 ⋅ 1 = 2
Answer: 2

(vii) limx→0
1−cos2x

x2

Step 1: 1 − cos 2𝑥 = 2sin2𝑥

Step 2: 2sin2𝑥
𝑥2 = 2 ( sin 𝑥

𝑥 )2

Step 3: lim𝑥→02 ( sin 𝑥
𝑥 )2 = 2(1)2 = 2

Answer: 2

(viii) limx→0
cosax−cosbx
coscx−cosdx

Step 1: Using cos 𝐴 − cos 𝐵 = −2 sin 𝐴+𝐵
2 sin 𝐴−𝐵

2 :

lim
𝑥→0

−2 sin (𝑎+𝑏)𝑥
2 sin (𝑎−𝑏)𝑥

2
−2 sin (𝑐+𝑑)𝑥

2 sin (𝑐−𝑑)𝑥
2

= lim
𝑥→0

sin (𝑎+𝑏)𝑥
2 sin (𝑎−𝑏)𝑥

2
sin (𝑐+𝑑)𝑥

2 sin (𝑐−𝑑)𝑥
2

Step 2: As 𝑥 → 0, sin(𝑘𝑥)
𝑘𝑥 → 1:

=
𝑎+𝑏

2 ⋅ 𝑎−𝑏
2

𝑐+𝑑
2 ⋅ 𝑐−𝑑

2
= (𝑎 + 𝑏)(𝑎 − 𝑏)

(𝑐 + 𝑑)(𝑐 − 𝑑) = 𝑎2 − 𝑏2

𝑐2 − 𝑑2

Answer: 𝑎2−𝑏2
𝑐2−𝑑2

(ix) limx→1
x3−1
x2−1

Step 1: Factor:

𝑥3 − 1
𝑥2 − 1 = (𝑥 − 1)(𝑥2 + 𝑥 + 1)

(𝑥 − 1)(𝑥 + 1) = 𝑥2 + 𝑥 + 1
𝑥 + 1

Step 2: lim𝑥→1
1+1+1

1+1 = 3
2
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Answer: 3
2

(x) limx→3
x2−xlnx+3lnx−9

x−3

Step 1: Factor numerator: 𝑥2 − 9 − 𝑥 ln 𝑥 + 3 ln 𝑥 = (𝑥 − 3)(𝑥 + 3) − (𝑥 − 3) ln 𝑥
Step 2: = (𝑥 − 3)(𝑥 + 3 − ln 𝑥)
Step 3: lim𝑥→3

(𝑥−3)(𝑥+3−ln 𝑥)
𝑥−3 = lim𝑥→3(𝑥 + 3 − ln 𝑥) = 6 − ln 3

Answer: 6 − ln 3
(xi) limx→0

x(2x−1)
1−cosx

Step 1: 1 − cos 𝑥 = 2sin2 𝑥
2

Step 2: 𝑥(2𝑥−1)
1−cos 𝑥 = 𝑥(2𝑥−1)

2sin2 𝑥
2

= 2𝑥−1
𝑥 ⋅ 𝑥2

2sin2 𝑥
2

= 2𝑥−1
𝑥 ⋅ 2 ⋅ (

𝑥
2

sin 𝑥
2

)
2

Step 3: lim𝑥→0
2𝑥−1

𝑥 = ln 2, and lim𝑥→0 (
𝑥
2

sin 𝑥
2

)
2

= 1

Step 4: Limit = (ln 2) ⋅ 2 ⋅ 1 = 2 ln 2
Answer: 2 ln 2

Question 5: Express each limit in terms of e

(i) limn→∞ (1 + 1
n )n = e

Answer: 𝑒

(ii) limn→∞ (1 + 1
n )n/2

Step 1: = [lim𝑛→∞ (1 + 1
𝑛 )𝑛]

1/2
= 𝑒1/2 = √𝑒

Answer:
√𝑒

(iii) limn→∞ (1 − 1
n )n

Step 1: = lim𝑛→∞ (1 + −1
𝑛 )𝑛 = 𝑒−1 = 1

𝑒

Answer: 1
𝑒

(iv) limn→∞ (1 + 1
3n )n

Step 1: Let 𝑚 = 3𝑛, then 𝑛 = 𝑚
3

= lim
𝑚→∞

(1 + 1
𝑚)

𝑚/3
= 𝑒1/3

Answer: 𝑒1/3

(v) limn→∞ (1 + 4
n )n

Step 1: = lim𝑛→∞ (1 + 4
𝑛 )𝑛 = 𝑒4

Answer: 𝑒4

(vi) limx→∞(1 + 3x)1/x
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Step 1: This is lim𝑥→∞(3𝑥 + 1)1/𝑥

Step 2: = lim𝑥→∞𝑒 1
𝑥 ln(3𝑥+1) = 𝑒lim𝑥→∞

ln(3𝑥+1)
𝑥 = 𝑒0 = 1

Answer: 1

(vii) limx→0(1 + 2x2)1/x

Step 1: = 𝑒lim𝑥→0
ln(1+2𝑥2)

𝑥 = 𝑒lim𝑥→0
2𝑥2

𝑥 = 𝑒lim𝑥→02𝑥 = 𝑒0 = 1
Answer: 1

(viii) limx→0
ex−eax

abx

Step 1: 𝑒𝑥 − 𝑒𝑎𝑥 = 𝑒𝑎𝑥(𝑒(1−𝑎)𝑥 − 1)
Step 2: lim𝑥→0

𝑒𝑎𝑥
𝑎𝑏 ⋅ 𝑒(1−𝑎)𝑥−1

𝑥 = 1
𝑎𝑏 ⋅ (1 − 𝑎) = 1−𝑎

𝑎𝑏

Answer: 1−𝑎
𝑎𝑏

(ix) limx→∞ ( x
1+x )x

Step 1: ( 𝑥
1+𝑥 )𝑥 = (1 − 1

1+𝑥 )𝑥

Step 2: Let 𝑛 = 1 + 𝑥, as 𝑥 → ∞, 𝑛 → ∞:

= lim
𝑛→∞

(1 − 1
𝑛)

𝑛−1
= 1

𝑒

Answer: 1
𝑒

(x) limx→0
ex−1

x = 1

Answer: 1

(xi) limx→0
ex−1
ex+1 = 0

2 = 0

Answer: 0

(xii) limx→2
ex−e2

x−2

Step 1: This is the derivative of 𝑒𝑥 at 𝑥 = 2:

= 𝑒2

Answer: 𝑒2

Summary Table

Question Answer
2(i) 10
2(ii) 5
2(iii) 4
2(iv) 2

√
2

2(v)
√

5 − 3
2(vi) 13

2
3(i) 0
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Question Answer
3(ii) 1

4
3(iii) -12
3(iv) 0
3(v) 0
3(vi) Diverges
3(vii) 2
3(viii) 1

2√𝑥
3(ix) 1
4(i) 5
4(ii) 0
4(iii) 0
4(iv)

√
2

4(v) 𝑏2−𝑎2
2

4(vi) 2
4(vii) 2
4(viii) 𝑎2−𝑏2

𝑐2−𝑑2

4(ix) 3
2

4(x) 6 − ln 3
4(xi) 2 ln 2
5(i) 𝑒
5(ii)

√𝑒
5(iii) 1

𝑒
5(iv) 𝑒1/3

5(v) 𝑒4

5(vi) 1
5(vii) 1
5(viii) 1−𝑎

𝑎𝑏
5(ix) 1

𝑒
5(x) 1
5(xi) 0
5(xii) 𝑒2
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