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EXERCISE 13.1 - DERIVATIVES BY FIRST PRINCIPLE

Complete Solutions

Question 1: Find by definition, the derivatives w.r.t. 'x'

Definition of derivative:

f () = lim

h—0

/ L flet+h) = fz)
h
(i) f(x) = 2x2+1
Step 1: f(x +h) =2(x + h)?> + 1 =2(z® + 2zh + h?) + 1 = 22 + 4zh + 2h* + 1

Step 2: f(x + h) — f(z) = (22% + 4xh + 2h% + 1) — (22% + 1) = 4ah + 2h?
Step 3: L@th=flz) _ dwhiah? _ 44 4 op

Step 4: f'(x) = lim,,_,o(4x + 2h) = 4z

Answer: 4x
(if) £(x) = 2—V/x
Step 1: f(z+h) — f(z) =2—Vz+h)—(2— o) =—Vr+h+Jr=yz—Vr+h

Step 2: Rationalize:

Vi—+vz+h f—l—\/m—i— r—(x+h) —h B -1
h EAVTEh hi4vith) hJet+veth Ji+veth

Step 3: () = limy, o= \F+W Jli

_1
2@

Answer: —

Step 1: f(z + h) — f(x) = % = ‘/\/55 ;:hh
flx+h
Step 2: ( +}Z \Ff
Step 3: Rationalize:
(VE-VaFR(WE+VETR) —(x+h) —h 1

/T + BT + Vo £ ) mm (Vat+voth) h/aveth(Va+voth)  vave+h(Va+ Vot h)

Step 4: f/ () = lim,,_,, ﬁm(\/li+M) = zé\l/g) = —2;3/2

Answer:

—m
(iv) f(x) = x(x — 3) =x2—3x

Step 1: f(x +h) = (x + h)? — 3(x + h) = 22 + 2zh + h? — 3z — 3h
Step 2: f(x + h) — f(z) = (2% + 20h + h® — 32 — 3h) — (2? — 32) = 2zh + h? — 3h
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Step 3: w =2xr+h-3
Step 4: f'(x) =lim,, ,o(2z +h —3) =2z — 3
Answer: 2z — 3

Question 2: Find % from first principle and gradient at given point

(i)y=vVx+2atx=6

Step 1: f(x+h)— f(z) =vVr+h+2—Vr+2
Step 2: Rationalize:

Vith+2-Vo+2 Vrth+42+Vet2  (@+h+2)—(z42) h B 1
h V+h+2+vVr+2 h(Voe+h+2+Vz+2) h(Vz+h+2+V2+2) Vr+h+2+ao+
Step 3: f'(z) :lirn;HO\/QEHH;L\/m = 2@

Step 4: Atz = 6: f(6) = 522 = 115
Answer: % = ﬁ, Gradient at x = 6 is 4—\1/5

ii)y=—"—atx=a
VX+a

Step 1: f(z +h) — f(z) = \/erlh+a - ¢x1ﬂ = %@Thhﬁa

. fle+h)—f(x) _ Vz+a—vz+h+ta
Step 2: h T hvzt+avrthta

Step 3: Rationalize:

(Vz+a—Ve+h+a)(Vr+at+vo+h+a) (x+a)—(x+h+a) —h

Wrtave+h+aVeta+vVe+h+a) h\/x+a\/ac+h+a(\/x+a+\/x—i—h—i—a): hvz +avz +h + a(\/z +

1

Step 4: [ (z) = P ICETEE

—1
@ra@y/rra)
Step 5: Atz = a: f'(a) = 550

dy __ 1 : _ : 1
= *W, Gradient at x = a is 7W

Answer: = Sata

Question 3

(i) Derivative of x® at x = 8 from first principle

Step 1: f(z) =23, f(x + h) = (x + h)® = 23 + 322h + 3zh? + b3
Step 2: f(x + h) — f(z) = 32%h + 3zh? + K3

Step 3: w = 322 + 3zh + h?

Step 4: f () = lim,, o (322 4 3zh + h?) = 322

Step 5: At z = 8: f (8) = 3(8)% = 192

Answer: 192

(ii) Derivative of x2+2x + 3 by definition
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Step 1: f(x) = 2% + 2z +3

Step 2: f(x+h) = (z+h)?+2(x+h)+3=2%+2zh+h*+ 22 +2h+3
Step 3: f(x + h) — f(x) = 2xh + h? + 2h

Step 4: M—?x—l—h—i—Q

Step 5: f () = limy, ,o(2z + h +2) = 2z + 2

Answer: 2z + 2

Question 4: Find from first principle

(i) f(x) = (3x —2)*
Step 1: f(z + h) = (32 + 3h — 2)2 = (32 — 2)% + 6h(3z — 2) + 9h?
Step 2: f(x + h) — f(z) = 6h(3x — 2) + 9h?
Step 3: [&HIT) — (34 —2) + 9h
Step 4: f'(x) = lim,,_,[6(3z — 2) 4+ 9h] = 6(3z — 2)
Answer: 6(3z — 2)

(ii) f(x) = (2x + 3)°

Step 1: Using binomial expansion:

(22 + 2h + 3)% — (22 + 3)°

Step 2: First term of expansion:

= 5(2z + 3)*(2h) + higher terms

Step 3: w =10(2z + 3)* + terms with h
Step 4: f () = lim,,_,([10(2z + 3)* + terms with h] = 10(2z + 3)*
Answer: 10(2z 4 3)*
(iii) f(a) = (a+b)" w.r.t. a
Step 1: f(a+h)=(a+h+b)7

Step 2: Using binomial expansion first term:

(a+b+h)"—(a+b)" =T7(a+b)°h + higher terms

Step 3: f'(a) = hmh—mw =T7(a+b)°
Answer: 7(a + b)°

Question 5: Gradient and tangent line at x = 2

y=3x?>-4x+1

Step 1: f (z) =6z —4
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Step 2: At z = 2, gradient = f'(2) =6(2) —4 =38

Step 3: Point at z =2: y=3(4) —4(2) +1=12—8+1=5 — (2,5)
Step 4: Tangent line: y —5=8(zx —2) 2 y=8r—16+5=8zx—11
Answer: Gradient = 8, Tangent: y = 8x — 11

Question 6: Tangent line at x = —1

f(x) = 2x3+x

Step 1: f'(z) = 622 + 1

Step 2: At # = —1, gradient = f'(—1) = 6(—1)24+1=7

Step 3: Point: f(—1) =2(-1)*+(-1)=—-2—1= -3 — (-1,-3)
Step 4: Tangent: y+3=7(z+1) 2 y=Te+7—-3=Tz+4
Answer: Tangent: y = 7z + 4

Question 7: Point of tangency and tangent line at x =1

f(x) =x3—2x +1

Step 1: Point: f(1)=1—2+1=0 — (1,0)
Step 2: f'(z) = 322 —2
Step 3: Cradient at z = 1: f (1) =3(1)2—2=1
Step 4: Tangent: y —0=1(z—1) 2 y=o—1
Answer: Point (1,0), Tangent: y =z — 1
Question 8: Gradient of f(x) = 3x?+2x at x =1
Step 1: f'(z) = 6z 4 2
Step 2: (1) =6(1)+2=28
Answer: 8

Question 9: Gradient and tangent line to f(x) =y/x at x =9

Step 1: f (z) = ﬁ

: — 9 onf — L 1
Step 2: At x = 9: gradient = 55 = 8

Step 3: Point: f(9) =v9=3 — (9,3)
Step 4: Tangent: y—3:%(x79) %y:%xf%+3: %:17+

[\SI[9N)

Answer: Gradient = %7 Tangent: y = %x + %

Question 10: Car position

s(t) = 2t3-3t2+¢

(i) Average velocity over [1,4]
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Step 1: s(4) =2(64) —3(16) +4 =128 —48 +4 =84
Step 2: s(1) =2(1) —3(1) +1=2—-3+1=0

Step 3: Average velocity = S(4i:i<1) = 820 — 28 km/h
Answer: 28 km/h

(ii) Instantaneous velocity at t = 2

Step 1: s (t) = 6t — 6t + 1

Step 2: 5 (2) =6(4) —6(2) +1=24—12+1 =13 km/h
Answer: 13 km/h

Question 11: Stone thrown upwards

s(t) = —16t2+32t + 10
Step 1: s (t) = —32t 4 32
Step 2: s (1) = —32(1) +32 =0 ft /s
Answer: 0 ft/s (at maximum height)

Question 12: Temperature rate of change

T(t) = —t?>+12t + 10

Step 1: T (t) = —2t + 12
Step 2: T'(2) = —2(2) 4+ 12 = 8 °C/hour
Answer: 8°C/hour

Summary Table

i) dx
ii) —ﬁ
iii) —2%/2
) 2z —3
1 1
2@1’ 42
T 2(z+a)®2° " 2(20)22
) 192
ii) 2z + 2
i) 6(3z —2)
i 10(2z + 3)*
iii) 7(a+b)°
Gradient=8, y = 8x — 11
y="7rx+4
(]—7 0)7 Yy=x— 1

0O Tt s WwWww

Nej
o= 00

y=grt3
28 km/h

13 km/h

0 ft/s
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12 8°C/hour

taleemzone.com



