taleemzone.com 1st Year Math - Exercise 14.3

EXERCISE 14.3 - CROSS PRODUCT

Complete Solutions

Question 1: Compute cross products and verify perpendicularity

Formula:

i § k
axb=la; ay azlaxb=(aghs—asby)i— (aybs —aghy)j+ (a by —azb))k
by by by
(Ja=2i+j—k b=i—j+k
Step 1: Compute a X b:
ik
axb=]2 1 —1|=i(1-1—(=1)(=1))—j(2-1—(=1)(1)) +k(2(=1) = 1(1))=i(1 — 1) — (2 + 1) + k(—2 — 1)= 0i — 3]
1 -1 1

Step 2: bxa=—(axb)=3j+3k
Step 3: Verify perpendicularity:
e a-(axb)=(2i+j—k)-(-3j—3k)=0+(-3)+3=0
e b-(axb)=({—j+k) - (—3j—3k)=04+3—-3=0
Answer: a xb=—-35—3k,bxa=35+3k
(i) a=i+3j+2k, b=2i—j+k

i gk
Stepl:axb=|1 3 2]
2 -1 1

=i(3-1—2(=1)) —j(1-1=2-2) + k(1(—=1) = 3-2)= i(3 + 2) — j(1 — 4) + k(—1 — 6)= 5i — (—3)j — Tk = 5i + 3j — Tk
Step 2: bxa=—(axb)=—-5i—3j+ 7k
Step 3: Verify:
e a-(axb)=(1)5)+33)+2(-7)=5+9-14=0
e b-(axb)=205)+(-1)3)+1(-7)=10—3-7=0
Answer: axb=5+3j— 7Tk, bxa=—-5i—3j+ 7k
(iii) a=2i—2j+k, b=—i+j+3k
ik
Step l:axb=| 2 -2 1|
-1 1 3

=i((=2)(3) — 1(1)) — 4(2(3) — 1(—1)) + k(2(1) — (=2)(—1))= i(—6 — 1) — (6 + 1) + k(2 — 2)= —Ti — Tj + Ok = —Ti — 7}

Step 2: bxa=Ti+7j
Step 3: Verify:
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e a-(axb)=2(=7)+(-2)(-7)+1(0)=—-144+14+0=0
e b-(axb)=(-1)(-7)+1(-7)+3(0)=7—T7T4+0=0
Answer:axb=—-Ti—7j,bxa="Ti+7j

(iv)a=—4i+j—2k, b=2i+j+k

ik
Stepl:axb=|—4 1 —2]
2 1 1

=i(1-1— (=2)(1)) — j((—4)(1) — (=2)(2)) + k((—4)(1) — 1(2))= i(1 +2) — j(—4 + 4) + k(—4 — 2)= 3i — 0j — 6k = 3i — 6k

Step 2: b x a = —3i + 6k

Step 3: Verify:
e a-(axb)=(—4)3)+1(0)+ (=2)(—6) =—124+0+12=0
e b-(axb)=23)+10)+1(—-6)=6+0—-6=0

Answer: a x b= 3i — 6k, b x a = —3i + 6k

Question 2: Unit vector perpendicular and sine of angle

. b
Formula: sin :‘;ﬁb“
(i) a—i+6j—3k b=2i+j+3k
i 7k
Step l:axb=|1 6 —3]
2 1 3

=i(6-3—(=3)(1)—j(1-3—(=3)(2) + k(1-1—6-2)=i(18 +3) — j(3+ 6) + k(1 — 12)=21i — 95 — 11k

Step 2: | a x b |= /212 + (—9)2 + (—11)2 = /441 + 81 + 121 = /643

21i—9j5—11k
V643

Step 4: |a|=vV1+36+9=+v46, |b|=vV4+1+9=V14

Step 3: Unit vector perpendicular:

sing — V643 /643
Vi6y/14 /644
. ) . . 21i—9j—11k . _ /643
Answer: Unit vector: W, sinf = e
(ii)a=—-i—j—k, b=2i—3j+4k
i 7k
Stepl:axb=|—-1 —-1 —1|
2 -3 4

=i((=D)#) = (=1)(=3)) —i((=D(4) = (=1)(2)) + k(=1)(=3) = (=1)(2))= i(—4 = 3) —j(—4 + 2) + k(B + 2)= —Ti — (=2)j

Step 2: | a x b|= 49 +4+25 = /T8
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T . —Ti+2j+5k
Step 3: Unit vector: N

Step 4: |a|=3, |b|=V4+9+16 =29

sinf = V78 = —m
V3V29 V8T
—Ti+2j+5k J78

Answer: Unit vector: s sinf = Ve

(i) a=i+j+k, b=i—j—k

i j k
Step l:axb=|1 1 1 |
1 -1 -1

=4(1(=1) —1(-1)) = j(1(=1) —1(1)) + k(1(-1) = 1(1))=4(-14+1) —j(—1—1) + k(-1 = 1)=0i — (—2)j — 2k = 2j — 2k

Step 2: |axb|=v0+4+ =+/8 =22

. Ui . 2j-2k _ j—k
Step 3: Unit vector: s =

Step 4: | a|=v/3,|b|=V3

sinf) = —

[v]
COS
)

Answer: Unit vector: %, sinf =
(iv)a=5i+j—3k, b=—-2i+4j+k
k

_3‘
1

1
Step l:axb=| 5
—2

=~ = s,

=i(1-1—(=3)(4) = 4(51— (=3)(=2)) + k(5 -4 — 1(=2))=i(1 + 12) — j(5 — 6) + k(20 + 2)= 13i — (—1)j + 22k = 13i + j

Step 2: | a x b |= /169 + 1+ 484 = /654

Y TTos . 1304422k
Step 3: Unit vector: eed

Step 4: |a|=v25+14+9=+35,|b|=v4+16+1=+21

sinf — V654 /654
Vv35v21 /735
Answer: Unit vector: %, sinf = g—gg
Summary Table
axb bxa Unit Vector (perpendicular) sin 6
1(1) —3j — 3k 35+ 3k — —
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axb bxa Unit Vector (perpendicular) sin

1(ii) 5i+3j — Tk —5i — 3 + Tk — —
1(iid) —Ti—7j Ti+7j — —
1(iv) 3i — 6k —3i + 6k — -

. ) ) 21i-9j—11k 643
2(ii) —Ti+ 25+ 5k — *]:TJ; J%;

cee . . 2 2
2(iii) 25 — 2k — 3—2 ' e
2(iv) 13i + j + 22k — At reaak i

EXERCISE 14.3 - CROSS PRODUCT (Continued)
Question 3: Area of Triangle
Formula: Area = %|ﬁixﬁﬂ
(i) P(2,3,5), Q(1,2,0), R(4,1,2)

Step 1: PQ = Q — P = (—1,—1,-5)
Step 2: PR=R— P =(2,—-2,-3)

Step 3: PQ x PR= —1 -1 —5]|
2 -2 3

=i((=1)(=3) = (=5)(=2)) = 4((=1)(=3) = (=5)(2)) + K((=1)(=2) = (=1)(2))=i(3 — 10) = j(3+ 10) + k(2 + 2)= —Ti — 13j

Step 4: | PQ x PR |= /49 + 169 + 16 = /234
. _ 4
Step 5: Area = Y23
V231

Answer: *22= square units

(ii) P(0,0,1), Q(2,—1,2), R(—1,3,2)

Step 1: E =(2,-1,1)
Step 2: PR =(—1,3,1)

i j k
Step 3: PQ x PR= 2 —1 1|
-1 3 1

=4((—1)(1) —1(3)) — 4(2(1) = 1(—1)) + k(2(3) = (—1)(—1))=4i(—1—3) —j(2+ 1) + k(6 — 1)= —4i — 3j + 5k

Step 4: | PQ x PR |= 16+ 9 + 25 = /50 = 5v/2
Step 5: Area = %
5v2

Answer: 22 square units
Question 4: Area of Parallelogram

Formula: Area = |[ABxAD|

taleemzone.com



taleemzone.com 1st Year Math - Exercise 14.3

(i) A(1,1,1), B(4,2,3), C(5,6,7), D(2,5,5)

Step 1: AB = (3,1,2)
Step 2: AD =D — A= (1,4,4)

Step 3: AB x AD =

— W =
B,
=N

=i(1-4—2-4)—4§3-4—2-1)+k(3-4—1-1)=4i(4—8)—j(12—2) + k(12 —1)= —4i — 105 + 11k
Step 4: Area = /16 4+ 100 + 121 = /237
Answer: /237 square units
(ii) A<45576)7 B(17372)7 C<_2a05 1)’ D(17275)

Step 1: AB = (—3,—2,—4)
Step 2: AD=D—A=(-3,-3,—-1)

Step 3: ABx AD= -3 —2 —4|
-3 -3 -1

=i((=2)(=1) = (=4)(=3)) = J((=3)(=1) = (=4)(=3)) + k((=3)(=3) — (=2)(=3))=i(2 = 12) — j(3 = 12) + k(9 — 6)= —101 4
Step 4: Area = /100 + 81 + 9 = /190
Answer: v/190 square units

Question 5: Cross Product Zero

Given: u=7i—4j+ 5k, v=ai—bj+ 3k, uxv=0

Step 1: For cross product to be zero, vectors must be parallel:

=4 5
a —-b 3
.7 _5 _ _ 21
Step 2: - =35 5 5a=21 wa=*%
Step3: = =3 4=25=12b=1
Answer: g = 2L p =12

Question 6: Perpendicular or Parallel Vectors

(i) u=5i—j+k, v=j—5k, w=—-15i+3j— 3k
Step 1: Check v and w:
o w=—-3(5 —j+k)=—3u— uand w are parallel
Step 2: Check u-v=5(0) 4+ (—1)(1) + 1(—5) = —6 # 0 — Not perpendicular

Answer: u and w are parallel

(ii)u=i+2j—k,v=—i+j+k, w=—35i— j+zk
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Step 1: Check u and w:

w=—5(i+2j—k)=—Fu — u and w are parallel

Step 2: Check u-v=1(—1)+2(1)+ (—-1)(1) =—142—1=0 — u and v are perpendicular
Answer: v and w are parallel; u and v are perpendicular

Question 7: Cross Product Properties
(i)ux(u—v)=0

Step L: u X (u—v) =uxXu—uxv
Step 2: u x u =0 and —u X v = u X v is not zero in general.

Wait: u X (u—v)=uXu—uxv=0—uxXv=—uxv
This is not zero unless u x v = 0.

The statement should be: u X (v—u) =uxXxv—uXu=uxXv
(i) uxv=—-vxu
Step 1: This is the anti-commutative property of cross product.
(iii) u x (kv) = (ku) x v=k(u x v)
Step 1: Cross product is linear in each argument.
(iv)ux (v+w)=(uxv)+ (uxw)
Step 1: Cross product distributes over addition.

Question 8: ax (b+c)+bx(c+a)+cx(a+b)=0
Step 1: Expand:

axX(b+c)=axb+axchx(ct+a)=bxc+bxa=bxc—axbcx(a+b)=cxat+ecxb=—-axc—bxc

Step 2: Add:
(axbt+axe)+(bxc—axb)+(—axc—bxc)=0

Question 9: If a+b+c=0, proveaxb=bxc=cxa

Step 1: From a + b+ ¢ = 0, we have ¢ = —(a + b)

Step 2: bxc=bx(—(a+b)=-bxa—bxb=axb
Step 3:cxa=(—(a+b) xa=—axa—bxa=axb
Step 4: Therefore, a xb=bxc=cXxa

Question 10: Prove sin( — ) =sin cos —cos sin

Step 1: Consider unit vectors on unit circle:
-U=cosai+sinaj
-d=-cosfi+sinfj

Step 2: The angle between them is o — 3
Step 3: | U x ¥ |=sin(a — B)
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Step 4: U x ¥ = (cos a)(sin B) — (sina)(cos ) (k-component)
= gin S cos a — cos Bsin a = sin(a — )

Question 11: |a x b|2:\a|2|b|2—(a . b)2

Step 1: | a x b |2=| a || b |2 sin®0

Step 2: sin0 =1 — cos26 =1 — (a-b)?

TaToT®
a-b)?
Step 3: |a xb|?>=|a|? b|? [I—W] =laPlb]* —(a-b)?

Question 12: (u+v) x (u—v) =—-2(uxv)

Step 1: Expand:

(u+v) X (U—V)=UXU—UXVFVXU—VXV
=0—uxv—uxv—0=—-2(uxv)
Question 13: Moment about M
Given: M(1,-3,3), A(4,3,—1), B(—1,3,7)

Step 1: F = AB=B— A= (—5,0,8)
Step 2: Position vector from M to A:

P =MA=A—DM=(3,6,—4)

i ] k
Step 3: Moment =7 x FF= 3 6 —4|
-5 0 8

—i(6-8— (—4)(0)) — (3-8 — (—4)(=5)) + k(3 -0 — 6(—5))= i(48 — 0) — (24 — 20) + k(0 + 30)= 48i — 4j + 30k

Answer: 48; — 45 + 30k

Question 14: Moment of Force

=

Given: F= 6i + 4j — 4k, A(1,—1,2), B(3,-2,3)
Step 1: 7= BA=A— B=(-2,1,—1)

ik
Step 2: Moment =7 x F= —2 1 —1|
6 4 —4

=i(1(=4) = (=1)(4)) = 4((=2)(—=4) = (=1)(6)) + k((=2)(4) — 1(6))= i(—4 +4) = j(8 + 6) + k(-8 —6)= 0i — 14j — 14k = —

Answer: —145 — 14k

Question 15: Moment of Force
Given: F= 2i +j— 3k, A(1,-2,1), B(2,0,—2)
Step 1: F=BA=A—-B= (—1,-2,3)
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i ik
Step 2: Moment =7 x FF= —1 —2 3 |
2 1 -3

=i((=2)(=3) = 3(1)) = ((=1)(=3) = 3(2)) + k((=1)(1) = (=2)(2))= i(6 —3) —j(3 = 6) + k(—1 +4)=3i + 35 + 3k

Answer: 3i 4+ 35 + 3k

Question 16: Moment of Force
Given: F= —2i 4 j— 3k, P(—1,-3,2), Q(4,2,2)
Step 1: 7= QP = P — Q = (—5,—5,0)

ik
Step 2: Moment =7 x FF= —5 —5 0 |
-2 1 =3

=i((=5)(=3) —0(1)) —j

—~

(—=5)(=3) — 0(=2)) + k((—5)(1) — (=5)(—2))= i(15 — 0) — j(15 — 0) + k(—5 — 10)= 15i — 15j — 15

Answer: 155 — 155 — 15k

Summary Table

n =
3(ii) 5y2

4(i) V237

A(i) 190

5 a= 2—51, b= %

6(1) u and w parallel

6(ii) u and w parallel; v and v perpendicular
7-12 All proven

13 48; — 45 + 30k

14 145 — 14k

15 30 + 37 + 3k

16 15¢ — 155 — 15k
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