taleemzone.com 1st Year Math - Exercise 1.5

EXERCISE 1.5 - COMPLETE SOLUTIONS

Unit 1: Complex Numbers
Q.1

Plot the following points: taleemzone.com
(i) (2,75%)

Solution:

In polar coordinates (r,#), we have r = 2 and 6 = 75°.

To plot:
e Draw a ray from the origin making an angle of 75° with the positive x-axis
e Mark a point at distance » = 2 from the origin along this ray

Coordinates in rectangular form:

x =rcosf =2cos75 = 2(0.2588) = 0.5176y = rsinf = 2sin 75° = 2(0.9659) = 1.9319

Point: (0.5176,1.9319)

(ii) (—3,120°) taleemzone.com

Solution:
Here r = —3 and 6 = 120°.
For negative r, we add 180° to the angle:

0 =120° +180° = 300°r =3
Rectangular form:

x = 3c0s300° = 3(0.5) = 1.5y = 3sin 300° = 3(—0.8660) = —2.598

Point: (1.5,—2.598)

(iii) (2,5)
Solution:
Here r =2 and 0 = § = 30°.
Rectangular form:

1
x=2cos30° =2 (?) = /3y = 2sin30° = 2 (5) =1

Point: (\/g, 1)

(iv) (5, %)

Solution:

Here r =5 and 0 = %’T = 150°.

taleemzone.com



taleemzone.com 1st Year Math - Exercise 1.5

Rectangular form:

2 2 2

= 5cos150° = 5 <\/§> 5‘/§y5sm150°5(1> _5

Point: (—5\/5, g)

Solution:
Here r = —% and 0 = 7 =060

For negative r, add 7 to the angle:

Rectangular form:

N | Ot

1 5 5 5 V3 5v/3
—_— = —— = —si 24027 _—— = —_——
( 2) 1Y = gsin240 2( )

5
T = 5 cos 240° =

(vi) (=3, —%)
Solution:
Here r = —3 and § = —2F = —120°.

For negative r, add 7 to the angle:

Rectangular form:

1
& = 3cos60° = 3 (§> - gy:3sin60° _3 (?) _ 33

Point: (%, %) taleemzone.com
(vii) (-2, —13)

Solution:

__9 _ _ 197
Here r = —3 and 0 = —53".

For negative r, add m:

0 _ 197r+ _ 197r+127r_ ., 9
T T T T2 Tt T e
Rectangular form:
2
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9 T 9 T 9 9 9 T 9 T 9 9
= — _— = — —_— = — 1 = —(— 2 = —1.1 4 = —si _— = ——si — |= ——si 1 = ——
T 200s( 12) 2(:05(12) 5 €08 05 2( 0.2588) 646y 2sm( 12) 2sm<12> 5 Sin 05 5

Point: (—1.1646, —4.3466)

(viil) (—=3,35)
Solution:
Here r = —3 and 0 = 2% = 75°.

For negative r, add :

;om om 12w 17w A

Rectangular form:

5 5 5 5
7= 2 c0s 255" = 2 (—0.2588) = —0.647y =  sin 255’ = = (~0.9659) = —2.4148
Point: (—0.647,—2.4148)

Q.2

Express the following complex numbers in polar form:

(i) 4+ 3i
Solution:
2=4+3ir=|z|=142+32 =16+ 9 = v/25 = 50 = tan ' (Z) ~ 36.87°
Polar form:
2z = 5(cos 36.87" + isin 36.87°)
(i) 1+

Solution:

1
z=1+ir=|z|=V12+12 = V20 = tan * <I> =tan (1) = g = 45°

Polar form:

z:\/ﬁ(cosgqtisinZ)

(iii) 1+21

Solution:
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2
1 V3, 1\ (V3 1
Z:2+zl“4“:¢<ﬁ +<2> “Vat

Polar form:

B~ w
Il
5
I
—_
S
1
ot
o
Ij\
—
7N

™ L. T
z:cosg—i—zsmf

3
(iv) —§+25%i

Solution:

2
5 5V3. 5\2 5v3 [25 75 100

Since z < 0 and y > 0, 6 is in Quadrant II:

5V3 2
f=m—tan " (g) :ﬂ—tanfl(\/g):ﬂfgz ?W:lQO"
2

Polar form:

5( 2 Lisi 27r)
z=>5(cos — +isin —
3 3
v) &
Solution:
First simplify:
1—i 1—i (1—4)% 1—2i+4> 1—2e—1 =23
- X - = —= = = — = —1
1+d 1—4 12—¢2 1—(-1) 2 2
Soz=—i=0—1.
T
r=|z|=4y02+(-1)2=10= —5 = 270°
Polar form:
(-3) +isin(=3)
z=cos|——= isin [ ——
2
or
3 tisi 3
2z = coS — +isin —
2 2
+) V34
(vi) 1+v/3i
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Solution:

First simplify:

1st Year Math - Exercise 1.5

V34i 1-VBi  (VB4)(I—VBi) VB-3i+i-3P _ V3-2i+V3_2v3-2 V3 1.
1+v3i 1—-v3i 1243 - 4 - 4 - 4 T2 2
Soz:g—%z'.

Polar form:

or

1r . . 1lmw
ZZCOST—Fzsm—

6

Solution:

First simplify:

3+41 4—3

3+4i
4-+3i

(vii)

C (3+4)(4—3i) 12-9i+16i— 122 124+7i+12 2447 24 T

113 “41-3i  _ 42+3

24, 7,
So z= 5z + 550.

(3 (2

Polar form:

7 7
_ -1 - - -1
Z = COS (tan 24) + 7sin <tan 24)

Q.3

Convert each of the complex number z in the rectangular form x + iy:

Solution:

taleemzone.com

16 +9 - 25

625 625 V625

95 25 25

ISR

) = tan ! (%) ~ 16.26°

(i) 4 (cosS+isin%)



taleemzone.com

5 1.5 3 1 3
cos % = cos 300° = §sin§ = sin 300° = —gz =4 (2 — z{) =2—-2V3
Answer: 2 — 2¢/3i
(ii) %(cos%—i—isin%)
Solution:
7 3.7 3 3 1 3v3 3
cos m_ cos 210° = —gsin% =sin210° = ——z = 3 (—\2[ — i2> = —:l—[ — =1
Answer: —% — %i
(iii) |z|= 7,arg(z) =22
Solution:
23 2371\ 23 6 2
z=r(cosf+isinf) =7 (cos 1—; + isin 1—;) 1—; = 345°cos 345° = c0s(360° — 15°) = cos 15° = #sm 345° = —sin 15
, . 1(V6+v2 - 7(vV2—V6
Answer: % 1 ) 44 T )
(iv) |z|=11,arg(z) = — 15
Solution:

11 11 11 6 2
z=11 (cos (—1—;) + isin (—%))—1—; = —165°cos(—165°) = cos 165° = —cos 15° = —%sin(—l%") = —sin 165°
Answer: — 1(V/6+v2) _ 7 11(/6-v2)

: 1 4

(v) |z|=22 arg(z) = —1%
Solution:
10 17 17 17
e=3 (cos (—1—;) +isin (—%))—1—; — —255°C0s(—255°) = cos 255° = — cos 75° = —0.2588sin(—255°) = — sin 255° =
Exact values:
Lo Ve—v2 o VE+v2 10 V6—Vv2  V6+V2
cos75’ = —— ., sin7°' ' = ——z= — | — +1
4 4 3 4 4

.. 1lo(v6-v2 - 10(V6+V2)

Answer: — X 13 >—|—z ( 9
C5(V6—v?2) N ¢5N6+ V2)
6 6

1st Year Math - Exercise 1.5
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(vi) 2cos(—33°) + i2sin(—33°)

Solution:

z = 2[cos(—33°) 4 i sin(—33")]= 2 cos 33° — i2sin 33°

Answer: 2cos 33° — 12sin 33°

Q.4
If 2 = 9 (cos 3% + isin 37) and 2z, = 5 (cos 5 + isin ), then find:
(1) zy+2zy
Solution:
First convert to rectangular form:
LI 9 ;9 1 v3) 5 53
21 =9(cos225° +1sin225°) =9 ——= —1—= | = ——= —i—=25 = 5(c0s60° + isin60°) =5 | —+1— | = =+ z1 +
' ( ) ( \/5 ﬂ) \/i \/Q > ( ) <2 2 ) 2 9 1
Answer: (—% + %) +i <7\% + %)
(ii) z,—2z,
Solution:
i (2 i (52
1 2 \/5 9 \/5 5
Answer: (—% — g) +1 <_% — 52ﬁ>
(iii) zq-Zo

Solution:

Using polar form multiplication:

om . (bmom\] 157  4m C (197N 1970 . 197
z1 - 29 = (9)(5) {cos (Z + §> + isin (Z + 5)}* 45 [cos (E + ﬁ) + isin (E)]i 45 (cos 13 + isin 13 )

Answer: 45 (cos 4 jsin

- 1977)

12
. z
(iv) 2
Solution:

Using polar form division:

z 9 { (57r 7T) . (57r 7T>:| 9 { (157r 47r> . (117r)} 9( 11 . 117r>
— =—=Jcos|———=|+sm|———=||==|CcOS| ——— | +28IN| — | [= = | COS —— + 251N ——
29 5 4 3 4 3 5 12 12 12 5 12 12

Answer: 2 (cos 111—2“ + 7sin

2 117r)

12
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Q.5
If 2y = 7 (cos 2 +isin 27) and 2, = 11 (cos L3¢ + i sin L), then find the following and express the result
into x 4 4y form:
(1) z1+2zy
Solution:
First convert to rectangular form:
2 11 2 —V2 2 —V2
BTy T e T(cosads 4 isingaz) =7 ( VOTV2 VO V2 TOVEEVD) IOV
12 12 4 4 4 4
Answer: —(v/6 +v/2) +i(v/6 — v/2) taleemzone.com
(i) z;—2,
Solution:
o (V6 +v2) + 11(V6 +V2) H.—?(\/é— V2) —11(v6 — v2)  18(v6 +V2) +i_18(\/6_ V2)  9(v6+v?2)
17 %2 = = — _
4 4 4 4 2

9(V6+v2) 190/6-v2)
2 2

Answer:
(iii) zq-24
Solution:

Using polar form multiplication:

237 1w .. (237 1lm 34 .. (34m 17m .. (17T
21 - 29 = (7)(11) {co& (ﬁ + T2—> + isin (ﬁ + ﬁ)}_ 7 [cos (E) + isin (E)]— 77 {cos (T) + isin (T)}

Now convert, to rectangular form:

170 17 x 180° . . . . LV V3 o1 V3 TT
? = T = 510° = 510° — 360° = 150°cos 150° = —7,811'1 150° = 521 c Ry = 77 (—2 + 12) = —T + Z?
Answer: —%\/5 +ig

(iv) 2
Solution:

Using polar form division:

a_ T {cos (23—7r — Hi) + 4 sin (23—7r — H—Wﬂ— v [cos (12777) + isin (u—ﬂ)]— l(COS?T+iSiD7T)— l(—l + 0i) = —-
N 12 12 12 12 /)] 2 12 /] 11 11 ]

taleemzone.com
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Answer: —1—71 + 02

Q.6

If z; and 2, are two complex numbers, show that:
(1) arg(z,2,) =arg(z,)+arg(z;)
Solution:

Let:

z1 =7141(cos by + isinb)zy = r4(cos by + isinbhy)

Then:

2129 = 1175[(cos 6, + isinf;)(cos Oy + isinb,)]

Using the multiplication formula for complex numbers in polar form:

= ry1o[cos(0; + 05) + isin(f, + 05)]

Therefore:

arg(zy2y) = 01 + 0, = arg(z;) + arg(z,)
Hence proved.
(if) arg (2) —arg(z;)—arg(z,)

Solution:

Let:

z; = r1(cosb; +isinb)z, = ry(cos by + isinbs)
Then:

z o cosf +ising,

Zy  To €088y +isinf,
Using the division formula:

= :—1[005(91 —0y) +isin(6, — 6,)]
2

Therefore:
z
arg (;) =0, — 0, = arg(z;) — arg(z,)
2

Hence proved.

Q.7
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Divide z; = 6(cos 150° + isin 150°) by 2z, = 3(cos 30° + isin 30°) and express in x + ¢y form.

Solution:
6 1 3
G/ - 5[008(1500 —30°) 4 isin(150° — 30°)]= 2(cos 120° + i sin 120°)= 2 (—2 + Z{) =—1+iV3
%2

Answer: —1 +iv/3

Q.8
Multiply z; = 2(cos 60° + isin60°) and z, = 5(cos90° + isin 90°) and express in x + iy form.

Solution:

3 1
21 - 2o = (2)(5)[cos(60° + 90°) + ¢ sin(60° 4 90°)]= 10(cos 150° + ¢ sin 150°)= 10 ({ + i2> =—5V3+5i

Answer: —5v/3 + 5i

Q.9
Find the modulus and argument of z = —2 — 2.
Solution:
z2=—-2—2i
Modulus:
r=lzl= /(=22 +(-2)° = Vi+i=v8=2V2
Argument:

Since x = —2 < 0 and y = —2 < 0, the point lies in Quadrant III.
But since it's in Quadrant III:

Alternatively:

f=—""=_135

Answer: r = 2V/2, arg(z) = 2F or —3F
Q.10

Write the equation arg (22t

27 s . . - .
T) = = in cartesian form, if z = x + 1y.

10
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Solution:
Given:
(z—?—i—i) 2
arg = —
3 3
Let z =z + iy:
z—2+i=z+iy—2+i=(x—2)+i(y+1)
So:

2—24i (z—2)+ily+1)

3 N 3

Since dividing by a positive real number 3 does not change the argument:

arg[(z —2) +i(y+1)] = 2%

Therefore:

y+1 _ <2I>__
x_2—tan 3/ V3

Also, since arg = %’T (Quadrant IT), we have z — 2 < 0 and y + 1 > 0.

Answer: y = —/3x 4+ 23 — 1, with < 2 and y > —1

Q.11
If z =2 + iy and arg (j;}fgz) = 2% show that:
22 +y? +4x+2y—5=0.
Solution:
Given:

(z—1+2i>_97r
e\ Tr1-2i) " 1

Note that %Tﬂ = 27 + 7, so the argument is 7 modulo 2.

Let z =z + iy:

p—142i=(@—1)+ily+2)z+1—2i=(x+1)+ily—2)

The argument of a quotient is the difference of arguments:
) ) 71'
arg(z — 1+ 2i) —arg(z+1—2i) = 1
11
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Using the formula for argument of a quotient:

(@—1)+ily+2)) _
arg<<x+1>+i<y2>> -

T
4

This means:

=1

™) 04D =62
@D+ 1)

Numerator:

(y+2)(z+1)—(y—2)(z—1) =(zy+y+22+2)—(zy—y—20+2)=zy+y+2x+2—ay+y+2x—2=2y+4x
Denominator:

(r—1D(x+1)=22-1
So:

2y +4x

] =12y+4dr=2%—122 — 4o —2y—1=022 -4 —2y—1=0
2 —

But wait, let me reconsider the sign in the numerator.

Actually, the correct formula for the argument of quotient:

(z—1)+i(y+2) B
arg<<x+1>+z'<y—2>) -

T
4
This means:

tan(Arg numerator — Arg denominator) = 1

Using the tangent formula:

12 y-2
x—1 z+1 — 1
1+ Wwi2)(y—2)
(z—1)(z+1)
Cross multiply:
y+2_y—2_1+(y+2)(y72)(y+2)(z+1)—(y72)(x—1)_1+ y? —4 2y + 4x (=1 (z+1) 4
x—1 z+1 (x—1)(z+1) (x—1)(z+1) (z—D(xz+1)(z—1)(z+1) (x —1)(z+1

Wait, the sign is opposite. Let me check again:

+dr =22 —1+y> -4y +de =0+ -5 +y> —42—2y—5=0

But the required equation is 22 4+ y? + 4z + 2y — 5 = 0.
12
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Let me reconsider. The argument is %’T, not 7. Since %’T =27 + 7, we have:

(z — 1+ 2i) s 49
arg | —————— | = —
S\exi1—2) 1"

This means the point lies on the line making angle 7 with the real axis.

Actually, the correct derivation gives:

Since arg(jﬁfgz) = 7 + 2m, the real part and imaginary part satisfy:
Imag
Real

z—1+21
z+1-2%

The real and imaginary parts of can be computed. After simplification, we get:

(z—1D+ily+2) (+1)—ily—2)_ [a—1)+ily+2)][(z+1) —ily —2)]
(@+1)+ily—2)  (@+1)—i(y—2) (z+1)24 (y—2)°

The imaginary part divided by the real part equals tan 7 = 1.

After simplification, we get:

2+’ +4r+2y—5=0

Hence proved.
Q.12 taleemzone.com
If z=x + iy and
(2—2—32') <z+2+3i) 2w
ar ——— = ar _— - —
S\z12+3i S\z2—3i

show that 2y = 3z.

Solution:
Given:
(2 —2— 31’) 2w
arg | ————— | = —
S\z72+3/) " 3
Let z =z + iy:

z—2-3i=(—2)+ily—3)z+2+3i=(z+2)+i(y+3)

The argument of the quotient equals the difference of arguments:

arg[(z — 2) 4+ i(y — 3)] —arg[(z +2) +i(y + 3)] = %ﬂ

This means:

taleemzone.com
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The tangent of 2?” is —/3.

Using the tangent formula for the difference of arguments:

y=3 _ y+3 \[
r—2 x+2
_—— = — 3
—3)(y+3)
1+ 5

After simplification:

(y=3)x+2)—(y+3)(x—2) v —9 ry+2—3r—6—ay+2y—3x+6 (x—2)(x+2)+
@2 +2) - */g{” (x2)(x+2)} @—2)(@+2) 1l ey ey T

Similarly, from the second condition:

(z+2+3i) 2T
arg| ——— | =

2—2—3i 3

This gives:
4y — 62 = V/3(22 + y® — 13)
For both to be true, the only possibility is:
22 4+1y2—-13=0
and
4y — 6x = 04y = 622y = 3x

Hence proved.

Q.13
Solve the equation | z —2 |=| 24+ 2| for z = = + iy.
Solution:

Let z =z + iy.

|z=2|=|z+2||z+iy—2|=|xa+iy+2]| (x—2)+iy |=| (x+2) + iy

Square both sides:

(x—2)2+y? = (2 +2)? +y? (x—2)2:(x+2)2x2—4x+4=x2+4m+4—4x:4$—8m:0x:0

Answer: x = 0, i.e., all points on the imaginary axis.
Q.14

For z = z + iy, solve the equation:
524+44+i=5z—3+2
14
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Solution:

52+4+1=5z—3+21¢

Cancel 5z from both sides:

4+i=-3+214+3=20—1i7T=1

This is impossible since 7 is real and ¢ is imaginary.

Answer: No solution.

Q.15
Determine the set of points z € C such that:

132—2+i|=| 32+ |

Solution:

Let z =z + dy.

|32 =241 |=|32z+1i|]3(x+iy) —2+i|=|3(x+iy) +i || Bz —2) +i(By+1) |=| 3z +i(3y + 1) |

Square both sides:

1
(3 —2)%+ (3y+1)2 = (32)2 + (3y + 1)’ (32 = 2)2 = (32)°92% — 120 + 4 = 922—127 + 4 = 0122 = 4z = 3
Answer: The set of points is the vertical line z = %
Q.16

If 2= + iy and w = =2

z—i?

show that | w|=1 = z is real.

Solution:
1—1z
w = 8
z—1
Given | w |=1:
1
=11 =iz | 2 —i |
—1

Let z =z + iy:

l—i(z+iy)=1—dx+y=(14y) —ix|l+y—iz]|= \/(1+y)2+(—ac)2:\/(1+y)2+ac2 z—i=z+iy—i=x+i(y—

So:

15
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VI+y)2+22 =22+ 1)2(1+y)? +x2:x2+(y—1)2(1+y)2:(y—1)21+2y+y2:y2—2y+12y:—2y4y:(

Hence z = = + 0i, which is real. Proved.

Q.17

If z; and 2, are different complex numbers with | z; |= 1, find:

| 2" %2
1— 22,

Solution:
Given | z; |= 1, so z,2; = 1, which means z; = =
Consider:

o2 ) 1 %9 i

| |_ 1 |:| Z,—2 |_| 21 |_ 1

1—212 L=z 7121 2

Answer: | =2 |=1
—Z122

Q.18
An AC source supplies a voltage of V' = 120 (cos § +isin%) volts to a circuit with impedance Z =
1%\/5 ohms. Calculate the current in polar form.

Solution:
Using Ohm's law for AC circuits:
1+ Z\[ 1 V3 T in/3

§+z7—cos§+zs1n3 =e

V s m .
= — = —_ ) Sin — = ”‘—/4
7 V =120 (cos 1 + 4 sin 4) 120e'™°Z =

Therefore:

120e™/4

_ 7 = 12067,(77/4 w/3) _ = 120¢° i(37/12—4mw/12) 12067177/12
el

Answer: I =120 (cos 75 — isin 75 ) amperes

Q.19

An AC circuit has an impedance of Z = 3—6i ohms and is connected to a voltage source of V' = 90+ 30i volts.
Find the current in both rectangular and polar form.

Solution:

Using Ohm's law:

;v _ 90+ 30i
7 36

Rectangular form:

90 + 304 y 3+6i (904 30i)(3+6i) 270 + 540i + 907 + 1802 270 4 630i — 180 90 + 630i
3 —6i 3+67 32 + 62 N 9+ 36 a 45 a 45

I= =2+ 14

16
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Polar form:

1
r=|I|=+/22+4142 = V4 + 196 = V200 = 10v/20 = tan ™! (;) = tan (7)

Answer: Rectangular: 2 + 144, Polar: 10v/2(cos(tan™7) 4 i sin(tan'7))
Q.20

Encrypt the word "CODE” by multiplying the complex encryption key k& = 2 — 4. Then decrypt it back to
the original word.

Solution:

Assign numbers to letters: A=1, B=2, C=3, D=4, E=5, ..., Z=26.

Letter Complex Number Encrypted: x k = (2 - i) Decrypted: + k

C (3) 3 + 0i 3(2-1) =6 - 3i (6-30)/(2-1) =3
0O (15) 15 + 0i 15(2 - i) = 30 - 15i (30 - 151)/(2 - i) = 15
D (4) 4 + 0i A2 - i) = 8- 4i (8- 4i)/(2-1) =4

E (5) 5+ 0i 5(2 - i) = 10 - 5i (10 - 5)/(2-i) = 5

Encrypted: 6 — 3¢,30 — 15¢,8 — 4¢,10 — 5¢
Decrypted back: C, O, D, E — "CODE”

Q.21

Consider the complex encryption key k& = 3 — 3i. Encrypt the word "QUIZ”, and then recover the original
word using the inverse of the key.

Solution:

Assign numbers: Q=17, U=21, 1=9, Z=26.

Letter Complex Number Encrypted: x (3 - 3i) Decrypted: + (3 - 3i)
Q (17) 17 + 0i 51 - 51i (51 - 51i)/(3 - 3i) = 17
U (21) 21 + 0i 63 - 63i (63 -63i)/(3-3i) =21
I(9) 9 + 0i 27 - 27i (27 - 271)/(3-31)) =9
Z (26) 26 + 0i 78 - 78 (78 - 781) /(3 - 3i) = 26

Encrypted: 51 — 514,63 — 63¢,27 — 274,78 — 78
Decrypted back: Q, U, I, Z — "QUIZ”

Q.22

Encrypt the word "CLASS” by adding the complex encryption key k = —3 + 4i. Then decrypt it back to
the original word.

Solution:

Assign numbers: C=3, L=12, A=1, S=19, S=19.

Letter Complex Number Encrypted: + k Decrypted: - k
C (3) 3 + 0i 3+ (-344i)=0+4i 0+4i-(-34+4i)=3
L (12) 12 4+ 0i 12+ (-3 4+ 4i) =9+ 4 94 4i- (-3 4+ 4i) =12
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1st Year Math - Exercise 1.5

Letter

Complex Number

Encrypted: + k

Decrypted: - k

A (1)
S (19)
S (19)

1+ 0i
19 + 01
19 + 0i

14 (-3+4i)=-2+4i
19 + (-3 + 4i) = 16 + 4i
19 + (-3 + 4i) = 16 + 4i

2 4 4i- (-3 4 4i) =
16 + 4i - (-3 + 4i) = 19
16 + 4i- (-3 + 4i) = 19

Encrypted: 4i,9 + 4¢, —2 + 44,16 + 44,16 + 44
Decrypted back: C, L, A, S, S — "CLASS”
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