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EXERCISE 4.1 - COMPLETE SOLUTIONS

1st Year Math - Exercise 4.1

Question 1: Identity Matrix Property

(i) Show that I;A = A
Given: A = [a;;]3,5 (a 3x3 matrix)
Step 1: Write the identity matrix

100
« =10 1 0

0 0 1
Step 2: Let A= |ay; a9y a9
(31 Gz 0433
Step 3: Multiply ;A
1 0 07 [a;; a12 a3
o [LA= |0 1 0| |ay a9y Go3

0 0 1] Llag; a3 as

ay; Q2 a13]

Step 4: Perform multiplication
e Row 1: [1-ay; +0-a9; +0-agy, 1-a19+0 a9y +0-as9, 1-a;5+0-ay5+0-as;5]
e Row2: [0-ay;+1-a9 +0-ag;, 0-a15+ 1 a9g +0-agg, 0-ay5+1-ag;+0-ass]
e Row3:[0-ay; +0-a9; +1 a3y, 0-a15+0 a9y +1-a39, 0-ay5+0-ay5 +1-as5]

Step 5: Simplify

Ay G2 g3

Qg1 Q23 023] =A

az; Az A3z

o A=

Therefore, I;A = A is proven
(ii) Show that AI,= A
Step 1: Write the identity matrix

. I, =

o= OO

10 0
0 1 0
0 0 0
0 0 1
Step 2: Let A = [a;;]4.4
Step 3: Multiply Al,

o Each entry (i,7) of Al is 22:1 a;(1y)y;

« Since (1,),; =1 only when k = j, and 0 otherwise:

* (AI4)ij = Q5 1= Qjj
Therefore, AI, = A is proven

Question 2: Matrix Operations

Given:
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ro —1 27
e A=13 2 1
-1 0 4
(2 1 1]
e B=|1 2 4
-1 2 1 ]
1 0 —27
e C=|-1 5 0
13 4 —1]
(i) Find A—B
Step 1: Subtract corresponding entries
[ 0—2 —-1-1 2—(-1)
e« A—B= 3—1 2—2 1—4
l-1—(=1) 0—-2 4-1

Step 2: Simplify

2 —2 3
e« A-B=|2 0 -3
L0 —2 3

-2 -2 3
Answer: A—B=| 2 0 -3
0o -2 3

(ii) Find B—-C
Step 1: Subtract corresponding entries

T 2—1 1-0 —1—(-2)
« B—C=|1—(=1) 2—5 4—0 ]
| —1-3 2—4 1-—(=1)

Step 2: Simplify

M1 1 1
e B-C=|2 -3 4

-4 2 2
1 1 1
Answer: B—C=|2 -3 4
—4 -2 2
(iii) Find (A —B) - C
-2 -2 3
Step 1: Use result from (i): A—B=|2 0 -3
0o -2 3

Step 2: Subtract C

« (A-B)—C=|2-(-1) 0-5 -3-0

—2-1 —2-0 3—(-2)
0-3 —2—4 3—(—1)]

Step 3: Simplify
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-3 -2 5
e A-B)—C=1|3 -5 -3
-3 —6 4
-3 -2 5
Answer: (A—B)—C=|3 -5 =3
-3 —6 4
(iv) Find A — (B — C)
1 1 1
Step 1: Use result from (ii): B—C=|2 -3 4]
—4 -2 2
Step 2: Subtract (B —C) from A
0-1 —1-1 2-1
e A—-(B-0C)= 3—-2 2—(-3) 1—4]
—1—(—4) 0—(-2) 4—2

Step 3: Simplify

—1 -2 1
A—(B-C)=|1 5 —3]
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Question 3: Matrix Multiplication Properties

'3 2 2
-1 -2 1
Answer: A—-(B-C)=|1 5 =3
3 2 2
Note: Comparing (iii) and (iv), we see that (A — B) — C' # A — (B — C'). Matrix subtraction is not associa-
tive.
Given:
A |t 21.
L 72_
PR
*B=1a
. C- '21" 1]
—i 1

(i) Show that (AB)C = A(BC) (Associative Property)
Step 1: Find AB

as=1 )

First row, first column: (—4) + 2i(2i) = —i? + 4i®> = 1+ (—4) = -3
First row, second column: i(1) + 2i(1) =i + 2i = 3¢

Second row, first column: 1(—i) + (—i)(2i) = —i — 2> = —i +2=2—
Second row, second column: 1(1) + (—i)(1) =1—1

-3 31 }

AB = [2—¢ 1—i

Step 2: Find (AB)C
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First row, first column: —3(2i) + 3i(—i) = —6i — 3i* = —6i + 3 = 3 — 61
First row, second column: —3(1) 4 3i(i) = —3 + 3> = -3 — 3= —6
Second row, first column: (2 —4)(2¢) + (1 —4)(—1)

- =4i—2 —i+?=4i+2—i—1=1+3i
Second row, second column: (2 —4)(1) + (1 —4)(4)

- =2—i+i—i?=24+1=3

3— 67 —6}

(AB)C = [1 +3i 3

Step 3: Find BC

—i 1)[2i 1
BC:[% 1] [z J

First row, first column: —i(2i) 4+ 1(—i) = —2i? —i =2 —i

First row, second column: —i(1) +1(i) = —i +i =10
Second row, first column: 2i(2i) + 1(—i) = 4i% —i = —4 — i
Second row, second column: 2i(1) + 1(7) = 2i + ¢ = 3i

2—1 0
Bo = [—4 —i 32}

Step 4: Find A(BC)

A(BC) = [i EZZ] [_24__i¢ ??z}

First row, first column: (2 — i) + 2i(—4 — i) =2i —i? —8i —2i> =2i+1—8i +2 =3 — 6i
First row, second column: i(0) + 2@(32) =6i> = —6

Second row, first column: 1(2 —4) + (—i)(—4 —i) =2 —i+4i+i?=2—i+4i—1=1+3i
Second row, second column: 1(0) 4+ ( i)(3i) = —3i2 =3

3—6i —6
A(BC) = [1+3§' 3}

Step 5: Compare

(AB)C _ E’ N g; _36] _ A(BC)

Therefore, (AB)C' = A(BC) is proven
(ii) Show that A(B + C) = AB + AC (Distributive Property)
Step 1: Find B+ C

B+C:[—z’+22’ 1+1]:[¢ 2 ]

2+ (—i) 141 i 1+1

Step 2: Find A(B + ()

AB+C) = [i Z] E 112}
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o First row, first column: i(7) + 2i(i) =i +2i2 = -1 -2 = -3

o First row, second column: i(2) + 2i(1 +14) = 2i + 2i + 2i* = 4§ — 2

o Second row, first column: 1(i) + (—i)(i) =i —i*=i+1=1+1

o Second row, second column: 1(2) + (—i)(1+i)=2—i—i?=2—i+1=3—i

-3 —2+4i
» AB+C)= [1+i 3—i ]
Step 3: Find AB (from part (i))
-3 31
-+ AB= [2@' 12}

Step 4: Find AC

cac=[y B
1 = |—% =
o First row, first column: i(24) + 2i(—i) = 2i? —2i? = —2+2 =0
o First row, second column: (1) + 2i(i) =i+ 2> =i —2= -2+
e Second row, first column: 1(2i) + (—i)(—i) =2i +i2 =2i — 1= —1+2i

¢ Second row, second column: 1(1) + (—i)(i) =1—i2=1+1=2

0 -2+
-1+ 2

Step 5: Find AB + AC

cac— |

—3+4+0 i+ (—2+1)
22—+ (-142) (1—1i)+2

[ 244
Ti4+d 83—

. AB+AC’:[

Step 6: Compare

-3 =244
143 3—1

Therefore, A(B + C) = AB + AC is proven

. A(B+C):[ ]:AB—i—AC

Question 4: Non-Commutativity of Matrix Multiplication

In general, for square matrices A and B of the same order:
(i) (A+B)*#A%+2AB+B?

Step 1: Expand (A + B)?
e (A+B)?=(A+B)(A+B) =A%+ AB+ BA+ B?
Step 2: Compare with A% 4+ 2AB + B2
o For equality, we would need AB + BA = 2AB
e This requires BA = AB, i.e., A and B commute
Step 3: Conclusion
o Since matrix multiplication is not commutative in general (AB # BA), the formula does not hold

e Reason: Matrices do not commute under multiplication
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(i) (A —B)*#A2-2AB+B?

Step 1: Expand (A — B)?

e (A-B)?=(A—B)(A—B)=A%2—-AB— BA+ B?
Step 2: Compare with A2 —2A4B + B?

e For equality, we would need —AB — BA = —2AB

e This requires BA = AB
Step 3: Conclusion

e Since AB # BA in general, the formula does not hold

e Reason: Matrices do not commute under multiplication

(iii) (A + B)(A —B)#£A2-B?

Step 1: Expand (A + B)(A— B)

e (A+B)(A—B)=A?—- AB+ BA — B?
Step 2: Compare with A% — B2

e For equality, we would need —AB + BA =0

o This requires AB = BA
Step 3: Conclusion

e Since AB # BA in general, the formula does not hold

e Reason: Matrices do not commute under multiplication

Question 5: Matrix Transpose Operations

-1 2 3
Given: A=|1 0 2

-3 5 3
Step 1: Find A’ (transpose)

-1 1 =3
2 0 5

(a) Find A+A?Y

-1 2 3 -1 1 =3

e A+ A =1 02}—!—2 0 5}

-3 5 3 3 2 3
-2 3 0
._307}
0 7 6

-2 3 0
Answer: A+ At=|3 0 7

(b) Find A—A*

taleemzone.com



taleemzone.com

0O 1 6
Answer: A—At=|—-1 0 -3
3

(c) Find AA®

-1 2 3]7[-1 1 -3
.AAtzll 0 2][2 0 5]
-3 5 3/ 13 2 3

Row 1:

e Coll: (—1)(=1)+2(2)+3(3)=1+4+9=14

o Col2: (—1)(1)4+2(0)+3(2)=—-1+0+6=5

e Col3: (—1)(=3)+2(5)+3(3) =3+10+9=22
Row 2:

e Coll: 1(=1)+0(2)+2(3)=—140+6=5

o Col 2: (1)+0(0)+2(2)_1+0+4_5

e Col3:1(=3)+0(5) +2(3) = —3+0+6=3
Row 3:

o Col 1: (=3)(—=1) +5(2) +3(3) =3+ 10+ 9 = 22

o Col2: (—=3)(1)+5(0) +3(2)=-3+0+6=3

e Col3: (—3)(=3) +5(5) +3(3) =9 +25+9 =43

14 5 22
Answer: AA! =
22 3 43

(d) Find A*A

-1 1 =371[-1 2 3
« A'A=12 0 5 1 0 2
3 2 3 -3 5 3

Row 1:

o Coll: (—1)(—D)+1(1)+(=3)(-3)=14+1+9=11

o Col2: (—1)(2)+1(0)+(=3)(5) =—2+0—15=—17

e Col3: (—1)(3)+1(2)+(—3)(3)=—34+2—-9=-10
Row 2:

o Coll:2(—1)+0(1)+5(—3)=—240—15=—17

o Col 2:2(2)+0(0) +5(5)=44+0+25=29

e Col3:2(3)+0(2)+53)=6+0+15=21
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Row 3:
e Col1: 3(=1)+2(1)+3(—3)=—-3+2—-9=—-10
o Col 2: 3(2) +2(0) +3(5) =6+ 0+ 15 =21
e Col3:3(3)+2(2)+33)=9+4+9=22

11 —-17 -10
Answer: A'A= |—-17 29 21
—10 21 22

(e) Find (A*)'
o Taking transpose of A’ gives back A

-1 2 3
Answer: (At)t:A: !1 0 2]

-3 5 3

Question 6: Solve the Matrix Equation

Given: A2—5A +4I — X = 0, where

2 0 1
2 1 3

1 -1 0

o« A=

Step 1: Rearrange the equation
o X =A%2-5A+41
Step 2: Find A2

2 0 1112 O 1
e A2=A-A=1]2 1 3|2 1 3
1 -1 0o/ ([1 —1 O
Row 1:
e Coll:2(2)+0(2)+1(1)=4+0+1=5
e Col2:20)4+0(1)+1(—-1)=0+0—-1=-1
e Col3:2(1)403)+1(0)=2+0+0=2
Row 2:

e Col1:2(2)+1(2) +3(1) =44+2+3=09
e Col2:2(0)+1(1) +3(—1) =0+1—3=—2

—~

e Col3:2(1)+1(3)+3(0)=2+3+0=5
Row 3:

e Coll:1(2)+ (-1)(2) +0(1) =2—240=0

e Col2: 1(0) + (—=1)(1) +0(—=1) =0 —1+0 = —1

e Col3:1(1)+(-1)(3)+0(0)=1—-3+0=—-2
5 —1 2

o A2=19 —2 5]
0 —1 -2

Step 3: Find 54
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10 0 5
e« 5A=|10 5 15
5 =5 0
Step 4: Find 47
4 0 0
e 4I=10 4 O
0 0 4
Step 5: Calculate A% —5A + 41

5—10 —1-0 2-5
e A2—-5A=19-10 —2-5 5—15

0—5 —1—(=5) —2-0

-5 -1 -3
e« =|-1 -7 —10
5 4 -2

544 —14+0 =340
e A2_BA4+4I=|—140 —7+4 —10+4+0
—5+0 440 —2+4

-1 -1 -3
e« = |—1 -3 —10
-5 4 2

-1 -1 -3
Answer: X =|—-1 -3 -10
-5 4 2
Question 7: Matrix Proof

Given: AB =B and BA = A, prove A2+B2= A + B
Step 1: Use AB=1B
o Multiply both sides on the right by B: (AB)B = B>
. A(BB) = B?
e AB2=D?.. (1)
Step 2: Use BA=A
o Multiply both sides on the right by A: (BA)A = A2
e B(AA) = A?
o« BAZ=A% .. (2)
Step 3: Find A2
e A2=A.-A=(BA)A (using BA= A)
o A% = BA? (by associativity: (BA)A = B(AA) = BA?)
o Therefore, A? = BA? ... (3)
Step 4: Find B2
e B?=DB-B=(AB)B (using AB = B)
e B? = AB? (by associativity: (AB)B = A(BB) = AB?)
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o Therefore, B> = AB? ... (4)
Step 5: Use given conditions differently
e A2=A-A=(BA)A= B(AA) = BA?
e B2=B-B=(AB)B= A(BB) = AB?
Step 6: Alternative proof using given conditions directly
e A2=A-A=(BA)A= B(AA) = BA?
e But BA? = (BA)A = AA = A? (tautology)
e B2=B-B=(AB)B = A(BB) = AB?
Step 7: Another approach
e A2+ B?=A%+DP?
o From AB = B, we get AB?> = B>
o From BA = A, we get BA? = A?
o Now A% + B? = BA? + AB?> = B(AA) + A(BB) = (BA)A+ (AB)B
e =A-A+ B-B .. [This is circular]
Step 8: Direct proof
e A2 4 B2= A2+ B2
o =(BA)A+ (AB)B [using BA= A and AB = B]
« = BA%+ AB?
» = B(AA) + A(BB)
o =(BA)A+ (AB)B
o = A%+ B? ... [Still circular]
Step 9: Simple proof using the given equations
e A2=A.A=(BA)A= B(AA) = BA?
e From BA = A, multiply on right by A: BAZ = A2
¢ So A? = A2 (tautology)
Let's try a different approach:
Step 10: Consider A? + B2
o A%+ B? = (BA)+ (AB) [using BA = A and AB = B]
« A2+ B>=BA+ AB
Step 11: Now A+ B = (BA) + (AB) [using BA = A and AB = B]
e« A+ B=BA+ AB
Step 12: Compare
« A4+ B*=BA+ AB
« A+ B=BA+ AB
o Therefore, A2+ B>=A+ B

10
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Answer: Proven

Summary Table
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2(ii)

IA=A
Al = A
2 -2 3
2 0 —4
0 -2 3
11 1
2 —34]
—4 -2 2
3 -2 5
3 -5 —4
3 —6 4
—1 -2 1
1 5 -3
3 2 2

(AB)C = A(BC)

A(B+C)=AB+ AC

Non-commutativity of matrix multiplication
A+ AL A — At AAL ATA, (A computed

-1 -1 -3
X= -1 -3 —1{

-5 4 2
A>+B*=A+B

11
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