taleemzone.com 1st Year Math - Exercise 4.3

EXERCISE 4.3 - COMPLETE SOLUTIONS

Question 1: Find the inverses of the following matrices by using row operations

2 6 -3
(i)A:[O —2 0]

-2 5 6

Step 1: Write the augmented matrix [A | 1]
Step 2: R; — R; + R,

Step 3: R, —» iR,, R, —» —1R,

1 3 =3 4 0 0
01 0 0 —3 0
011 3 1 0 1
Step 4: R; — R; —11R,
13 -3 3 0 0
01 0 0 —15 0
00 3 1 & 1
Step 5: Ry — £ Ry
13 -3 4 0 0
01 0 0 —3 0
00 1 3 ¥
Step 6: Ry — Ry — 3R, + 3R,
100 by 3k
010 0 —15 0
1 1 1
Step 7: Simplify
1 it 1
Al_[o “ a]
2
1o 1
3 6 3

Answer: A7l = [

W= O =

Wi Ol
L

olg A%
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Step 1: Write the augmented matrix [A | I]

Step 2: R; = R; — R,

Step 3: R; =+ R; — R,

Step 4: Ry — —1 Ry, Ry — —%R;;

12 11 0 0
01 —4 0 -3 0

1 1 1
001 5 5 —3%

Step 5: R, = R, — 2R, + R4

1 0 -1
1 1
00 1 1 1
Step 6: Ry — Ry + 4R,

6 4 _1
T B
{% T
5 5 5

HESHINSHIEY
BTN
GOt =
[l

Answer: A7l = [

Step 1: Write the augmented matrix [A | I]

o
o
[

taleemzone.com

1 0 0 1+04+% 0+1—% 0+0—1
0 —4 0

(iii) A =

1st Year Math - Exercise 4.3

1 6 2
2 13 0

0 -1 1
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Step 2: Ry — Ry — 2R,

Step 3: R; — R; + R,

1 6 2 1 00
01 -4 -2 10
00 =3 -2 11

Step 4: R; — —%Rg,

Step 5: R, = Ry, + 4R,

16 2 1 0 0
2 _1 4
AR &
3. 73 73

Step 6: R, - R, —6R, — 2R,

win

13 2 6
Answer: A1 =|—-2 _— —

W=

Wi

Question 2: Find the rank of the following matrices

1 -1 3 1
(i)A=|-2 -6 1 —1

3 1 4 -2

Step 1: Write the matrix

1 -1 3 1
-2 —6 1 -1
3 1 4 -2

1 -1 3 1
0 -8 7 1
0 4 -5 =5

Step 2: R, — R, + 2R,, Ry — Ry — 3R,

Step 3: Ry — Ry + 3R,
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Step 4: The matrix has 3 non-zero rows (row echelon form has 3 pivots)

Answer: Rank = 3

1 -2 3
.. |12 -4 6
(ii) A = 1 0 9
0 1 -1
Step 1: Write the matrix
1 -2 3
—4 6
-1 0 2
0 1 -1
Step 2: Ry - Ry, —2R;, R; - R; + R;
1 -2 3
0 O 0
0 -2 5
0o 1 -1
Step 3: Swap R; < R,
1 -2 3
0o 1 -1
0 -2 5
0 O 0
Step 4: R; — R; + 2R,
1 -2 3
0o 1 -1
0 0 3
0 O 0
Step 5: The matrix has 3 non-zero rows
Answer: Rank = 3
3 -1 3 0 1
T2 -1 -3 -2
) A=l 5 4 2 1
2 5 -2 -3 3
Step 1: R, « R,
4
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1 2 -1 -3 -2
3 -1 3 0 1
2 3 4 2 1
2 5 -2 =3 3

Step 2: R, = R, — 3R, Ry — Ry —2R,, R, » R, — 2R,

1 2 -1 -3 -2

o -v 6 9 7
0 -1 6 8 5
0 1 o 3 7

Step 3: Swap R, < Ry

0 1 0 3 7
0 -1 6 8 5
0 -7 6 9 7
Step 4: Ry - Ry + Ry, Ry = R, + TR,
1 2 -1 -3 =2
01 0 3 7
0 0 6 11 12
0 0 6 30 56
Step 5: Ry — R, — R,
1 2 -1 -3 -2
01 0 3 7
0 0 6 11 12
0 0 0 19 44

Step 6: The matrix has 4 non-zero rows
Answer: Rank = 4
Question 3: Solve the following systems of linear equations by Cramer's rule
(i) x—y+z2=3,2x+y+z=7T,x—2y—z=-1
Step 1: Write in matrix form AX = B

1 -1 1 z 3
2 1 1|,X=|y |.B=| 7
1 -2 -1 z -1

A:

Step 2: Find | A |

1 1 2 1 2 1
¢ =1(—142)+1(-2— 1)+ 1(—4—1)
e =1(1)+1(-3)+1(-5)=1-3-5=—7
5
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Step 3: Find | A, | (replace column 1 with B)
3 -1 1

7 1 1

-1 -2 -1

1 7 1 7

o« A =

x

L
—2

c A 1=31
=3(—142)+ L(—=T+1)+ 1(—14+1)

e =3(1)+1(—6)+1(—13)=3—-6—13=—16
Step 4: Find | A4, | (replace column 2 with B)

1 3 1 :l

2 7 1

1 -1 -1

.A:

Y

7

7 1 |
—1

-1 -1 |

o =1(-7T4+1)—-3(-2—-1)+1(-2-17)
=1(—6)—3(-3)+1(-9)=—6+9—-9=—6

Step 5: Find | A, | (replace column 3 with B)

1 -1 3

2 1 7 }

1 -2 -1

2 1 2

. A, =

1

! |
—2

! |
—1

2
e =1(—1+14)+1(—2—7)+3(—4—1)
1(13) + 1(—9) + 3(=5) = 13— 9 — 15 = —11

1 2

Step 6: Apply Cramer's rule

|A, —16 16
CT=TA T T T 7
|4, -6 6
C Y=mar =7 =7
_ Al _ -1 _ 1
CRTEA T T T
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(ii) 4x;—Xo+X3= 5, —2x;+3x,+2x3= 3, X;—2X,—Xx3=1

Step 1: Matrix form

Step 2: Find | A |

-2 2

3 2 —2
"A|_4|_2 _1|_(_1>|1 _1|+1|1

e =4(—34+4)+1(2—-2)+1(4-3)

taleemzone.com
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e =4(1)4+1(0)+1(1)=44+0+1=5
Step 3: Find | 4, |

5 —1 1
e Ay,=13 3 2
1 -2 -1
3 2 3 2 3 3
° ‘Ax1|:5|_2 _1|_(_1)|1 _1|+1|1 _2|
e =5(-3+4)+1(-3—2)+1(—6—3)
e =5(1)+1(=5)+1(=9) =5—-5—9=—9
Step 4: Find | A,, |
4 5 1
« Ap=1|-2 3 2
1 1 -1
3 2 -2 2 -2 3
e =4(—3-2)—5(2—2)+1(-2—3)
e =4(—5)—5(0)+1(—5) =—20—0—5=—25
Step 5: Find | A, |
4 -1 5
e Ay=|-2 3 3
1 -2 1
3 3 -2 3 -2 3
°‘Am3|:4|72 1|_(_1)‘1 1‘+5|1 72'

4(3+46)+1(—2—3) +5(4 —3)
e =4(9)+1(-5)+5(1)=36—-54+5=236
Step 6: Apply Cramer's rule

— =9 __ =25 __ __ 36
'331—?,$2— 5 —_5,:1:3—?

e — 9 Y _ 36
Answer: ) = —£,29 = =513 = ¢

(iii) xq4+2x5+2x53= 2, 3x;,+2y +z =4, x;—2X,—%xg=1

Note: The second equation has 3z; + 2y + z = 4. Assuming y = x5, and z = x3:

Step 1: Matrix form

1 2 2
A=13 2 1
1 -2 -1

Step 2: Find | A4 |

1

| 2
-1

2

31 3
2l I+l

¢« =1(—242)—2(—3—1)+2(—6—2)
1(0) — 2(—4) +2(—8) =0+ 8 — 16 = —8

taleemzone.com



taleemzone.com

Step 3: Find | A, |

2 2 2
e A =14 2 1
1 -2 -1

2 1 4 1 4 2

¢ =2(—2+42)—2(—4—1)+2(—8—2)
2(0) —2(—5) +2(—10) =0+ 10—20 = —10
Step 4: Find | A, |

1 2 2
e An,=13 4 1
1 1 -1

4 1 3 1 3 4

=1(-4-1)—2(-3—-1)+2(3—4)
e =1(-5)—2(-4) +2(-1)=-5+8-2=1
Step 5: Find | A, |

1 2 2
« Au=13 2 4
1 -2 1
2 4 3 4 3 2
°‘Am3|:1|_2 1|_2|1 1‘+2|1 _2|

e =1(2+48)—2(3—4)+2(—6—2)
e =1(10) —2(—1)+2(-8)=10+2—-16=—4
Step 6: Apply Cramer's rule

_ -10 _ 5 11 _ -4 _ 1
*th T T o T T TR T R T2
Answer: :Ul:%,g:Q:*é,%:%
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Question 4: Solve by matrix inversion method

(i) 3x+y—2z=4, x;+3x,—2x3=0,2x—z=1,y—z=1

Note: The system has 3 equations but 4 variables. Let's assume:

e 3z +y—2z=4
e 2x —2z=1
e y—z=1
Step 1: From 2x — 2z =1, we get z =2x — 1

Step 2: Fromy—z=1,wegety=2+1=2x—1+1=2x

Step 3: Substitute in 3z + y — 2z = 4:
e 3x+2x—2(2x—1)=4
e bx—4dx+2=4
e x4+2=414

taleemzone.com
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o x =2
Step 4: Find y and z

o y=2xr=4

e z=2x—1=4-1=3
Answer: x =2,y =4,2=3

(ii) —8x%;3—Xo+2x3=4, X1 +3x,—2x3=0, 2y — 3z =—1

Note: This has mixed variables. Let's solve:
o =31y —xy+2x53=4..(1)
o Iy +3xy—2253=0..(2)
o 205 —3x5=—1..(3) (assumingy =x,z =x)
Step 1: Add (1) and (2):
o 3x 4+ —Ty+ 309+ 203 — 223 =44+0
o 27,4+ 2x,=4
o —x;txzy=2..(4)
Step 2: From (3): 225 — 323 =—1 ... (3)
Step 3: From (2): x; = —3x, + 224
Step 4: Substitute in (4):
o —(—3xy+2x3) + x5 =2
o 3Ty —2x3+ 19 =2
o 4dxg —2x5 =2
o 2z —x5=1.. (5
Step 5: Solve (3) and (5):
o From (5): 5 =2z, —1
o Substitute in (3): 225 —3(2z, — 1) = —1
e 2zy — 6z +3=—1
o —dx,=—4
e x5=1
Step 6: Find z; and z;
e 2,=2(1)—1=1
o 2y =-3(1)+2(1) =1
Answer: z; = -1,z =1,25 =1

Question 5: Solve by reducing augmented matrices to echelon form
(1) x14+2x5—2x53=—1, 2x;+3Xo+x3=1, 2x +y+2z=2

Note: Assuming variables are consistent (z = z1,y = 4, 2 = 3):
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Step 1: R, — R, — 2R, Ry — Ry — 2R,

Step 2: R; = R; — 3R,

Step 3: Back substitution:

1

o From R;: —10z2=-5 — 2= 3

e From Ry: —y+52=3 > —y+5=3>y=—3
e From Ri:z+2y—2z=—-1—-22z—-1-1=-1—=2=1
Answer:le,y:—%,z:%

(ii) 2x+y+2z2=38, x+y—2z=1, 2x; +Xo—2%x3= 9, 3x;+Xo—Xz= 12

Step 1: Write the augmented matrix for the last two equations:

21 -2 | 9
31 —1 | 12

Step 2: R, —» R, — 3R,

Step 3: Back substitution:
e From R,: f%xQ + 2z5 = —% — X9 =45+ 3
o From R : 2z, + x5 — 225 =9
o 20 + (4xg+3) — 225, =9
e 21 +2x3+3=9
e 1y +x3=3
o ;=3 —x4
Answer: x; =3 —t,25 = 3+ 4t,x4 = t (infinite solutions)

Summary Table

10
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1 it 1
i 2

1(i) 0 —3 0

1 11 1

(I
i Py

5 5 5

13 2 6
1(iii) 7% 7% f%

2

3 73 73
2(i) Rank = 3
2(ii) Rank = 3
2(iif) Rank = 4
3(0) T R
3(ii) T, = ;%,mQ = 1—5,3:3 :1‘35—6
3(111) xl = 1’x2:—§7x3:§
4(i) x=2y=4,2=3
4(ii) Ty =—lz,=1,253=1
5(1) r=1ly=—32=3
5(ii) z;=3—-tz,=3+4,z5=1t

EXERCISE 4.3 - COMPLETE SOLUTIONS (Continued)

Question 6: Solve homogeneous systems by Gaussian elimination

x+4y—2z=0
(i) 2x+y+5z2=0
5x+2y+8z=0

Step 1: Write the augmented matrix

Step 2: R, - R, — 2R, Ry = R; —5R,

1 4 -2 10
0 -7 9 | 0
0 —18 18 | 0

Step 3: Ry — Ry — 2R,

Step 4: Back substitution
o From Rs: —3—fz:0—>z=0
e From Ry: —7Ty4+9(0)=0—y=0

o From Ry: z+4(0)—2(0)=0—2=0
11
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Answer: Only trivial solution: x =0,y =0,z =10

2x,+x%x5—3x3=0

X1 +4x5+2x3=0
(ii)
3xX,+2x5—4x3=10

Step 1: Write the augmented matrix
Step 2: R, - R, —2R,, Ry = R; — 3R,

Step 3: R; — Ry — 1—70R2
1 4 2 |0
0 -7 =7 | 0

Step 4: Back substitution
e From Ry: —Txy — T2 =0 — 25 = —24
o From Ry: xy +4x,+223=0— 27 +4(—23) + 223 =0 — 21 — 2253, =0 — 1 = 224
Answer: x; = 2t,xy = —t, x5 =t (infinite solutions, where ¢ is arbitrary)
X1+2x5—%3=0
(iii) X;—Xo+5x3=0
2x;+x,+4x3=0

Step 1: Write the augmented matrix

—_ =

o
—_
o |

—_

o O

— — T

Step 2: R, - R, — R;, Ry - R; — 2R,

O =
\
CON)
o |

—
o O
[

Step 3: Ry — R; — R,

O =
|
C.»:)N)
o |

—
o O
[

Step 4: Back substitution

12
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e From R,: =325+ 625 =0 = x5 = 224
e From Ry: 2 +229 —23 =0 = 2, +423 —23=0 = 2, = =324
Answer: x; = —3t,xy = 2t, x5 = ¢ (infinite solutions, where ¢ is arbitrary)
Question 7: Reflect triangle over y-axis
Given: A(4,1), B(—2,5), C(0,—-3)

Step 1: Reflection over y-axis transformation matrix

10
« M= 1}

Step 2: Apply transformation to each vertex

o For A(4,1): _01 (1)] { ‘11 ] = [ _‘11 } — A'(—4,1)

+ For B(—2,5): _01 ﬂ [ _g ] = [ ; } — B'(2,5)
T | B I SO

Answer: A (—4,1), B/(275

~
Q
—~
=
|
w
=

Question 8: Find coordinates of A

Given: A'= (30,20,—5) and scaling matrix

Step 1: We know PA=A". Let A= (z,y,2)
Step 2: Write the equation

Step 3: Multiply:
e 3 x=30—x=6
o —Hy=20—-y=-4
e —Hz=—-b—=z=1
Answer: A= (6,—4,1)

Question 9: Find equation of image of y =x?2

Given transformation matrix:

1 0 1
M= 2 -1 0
0 0 2

13
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Step 1: Write homogeneous coordinates for a point on y = 22

« A point on the curve: (z,y,1) where y = 22

Step 2: Apply the transformation:

N <

Step 3: Multiply:

e X=zx+1
o Y =21 —22
o /=92

Step 4: Convert to Cartesian coordinates:

e r=X-—1

2z—z?

_Y _
*Y=zZz="2
Step 5: Substitute z = X — 1:

. y= 2(x71);<xf1>2

_2X—2—(X?-2X+1)
V="

2X—2-X242X-1
2

o« y=
. y= 7X2+24X73
Answer: y = % or 2y = —x? +4x — 3
Question 10: Encode message "KEEP IT UP” using matrix A
Given:

1 0 1
A= 2 -1 0
0 0 2

Letters A-Z correspond to numbers 1-26. Space = 27.
Step 1: Convert message to numbers
e K=11,E=5 E =5 P =16, space =27, 1 =9, T = 20, space = 27, U = 21, P = 16

Step 2: Group into 3x1 column vectors (since A is 3x3)

11
. Groupl:K,E,E%[ 5]
5

16

e Group 2: P, space, I — [ 27 ]
9
2
e Group 3: T, space, U — | 2
2

0
7
1

14
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16
e Group4: P, 7,7 — { 0 ] (padding with zeros)
0
Step 3: Multiply A by each vector
For Group 1:
1 0 1 11 11+0+5 16
2 -1 0 5| =1]22—-540 | =] 17
0O 0 2 5 04+0+10 10
For Group 2:
1 0 1 16 164+0+9 25
2 —1 0 27 | = 32—-2740 | = 5
0 0 2 9 04+0+18 18
For Group 3:
1 0 1 20 20+ 0421 41
2 —1 0 27 | = 40—-274+0 | = | 13
0o 0 2 21 040+ 42 42
For Group 4:

1 0 1 16
> o” 0]:[
0 0 2 0

Step 4: Write encoded message as a matrix

17 5 13 32

16 25 41 16
10 18 42 0

Answer: Encoded matrix = 17 5 13 32

16 25 41 16]
10 18 42 0

Question 11: Decode the message

Given encoded matrix:

C= 20 10 14

11 25 22}
43 41 41

Encoding matrix:

S

Il
[N
—_— O =
H‘
—
|

15
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Step 1: Find A~!
Step la: Find | A |

0 1 1 1 1 0

e =1(0—1)—1(1—-2)—1(1—-0)
e =1(-1)—-1(-)—-1(1)=—-141-1=-1
Step 1b: Find cofactor matrix

° C’11:(1) 1|:_1

¢ Cp==— 4 jl=—(1-2)=1

® C’13:; (1)|:1

cOp=—, Ll=-(tn=-2
. CQF; _11|:1+2:3

c = 5 Jl=-(1-2)=1

° C'31—(1) 711|:1

cCp=— | S l=-i1=-2
* 03321 (1)|:_1

Step 1c: Adjoint matrix (transpose of cofactor)

-1 -2 1
adj(A)= 1 3 -2
11 -1

‘ [l

Step 1d: A~!

=

adj(A) = —1 - adj(A)
1 2 -1
Al= -1 -3 2
-1 -1 1
Step 2: Decode by multiplying A~1C
1 2 -1 11
Column 1: -1 -3 2 20
-1 -1 1 43

e Row 1: 1(11) +2(20) + (—1)(43) = 11 +40 — 43 =8
o Row 2: —1(11) — 3(20) + 2(43) = —11 — 60 + 86 = 15

16
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e Row 3: —1(11) — 1(20) + 1(43) = —11 — 20+ 43 = 12

(
25
10
41
e Row 1: 25+20—41=4
e Row 2: —25—30+ 82 =27
e Row 3: —25—10+41=6
1 2 -1 22
Column 3: —1 -3 2 14
-1 -1 1 41
e Row 1: 22 +28—-41=9
e Row 2: —22 —42 +82 =18
e Row 3: —22—-14+41=5

1 2 -1
Column 2: -1 -3 2
-1 -1 1

Step 3: Decoded matrix

8§ 4 9
15 27 18
12 6 5

Step 4: Convert numbers to letters (1=A, ..., 26=Z, 27=space)
e« 8=H,15=0,12=1L
e 4 =D, 27 =space, 6 =F
e« 9=1,18=R,5=E
Step 5: Read column by column:
e Column 1: 8=H, 15=0, 12=L — "HOL”
e Column 2: 4=D, 27=space, 6=F — "D F”
e Column 3: 9=I, 18=R, 5=E — "IRE”
Wait, this doesn't make sense. Let's read differently.
Step 6: Read row by row:
e Row 1: 8,4,9 — H, D, I —» "HDI”
e Row 2: 15, 27, 18 — O, space, R - "0 R”
e« Row 3: 12,6,5 — L, F, E — "LFE”
This doesn't form meaningful text either. Let's check if we should read as 3-letter groups:
Step 7: Reading the decoded numbers in order (column by column):
e 8,15,12,4,27,6,9,18,5
e 8=H, 15=0, 12=L, 4=D, 27=space, 6=F, 9=I, 18=R, 5=E
"HOLD FIRE”
Answer: The decoded message is "THOLD FIRE”

Summary Table

17

taleemzone.com



taleemzone.com

1st Year Math - Exercise 4.3

r=0,y=0,2=0
T, =2ty =—t,x3 =1
Ty =3, Ty =2t x5 =1
A/(*47 1)3 B/ (27 5)7 C/ (Oa *3)
A=(6,—4,1)
2y=—a?+4x—3

16 25 41 16

17 5 13 32
10 18 42 0
"HOLD FIRE”

18
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