taleemzone.com 1st Year Math - Exercise 5.1

EXERCISE 5.1 - PARTIAL FRACTIONS
Complete Solutions
Question 1: (x_afm
Step 1: Set up partial fraction decomposition
2 A B

(x—a)(x—0) :x—a+x—b

Step 2: Multiply both sides by (z — a)(x — b)

2=A(z—b)+ Bz —a)

Step 3: Solve for A and B

Put z = a:
« 2= Ala—b)+ B(0)
« A= ﬁ
Put x =
e 2=A(0)+B(b—a)
A
Question 2: (x;f)i?;g;l)

Step 1: Check if degree of numerator degree of denominator
e Degree of numerator = 2, degree of denominator = 2
e Need to divide first

Step 2: Perform division

2 +1 _962—|—1_1+ 2
(x+1)(z—1) 22-1 x? —
. 2
Step 3: Decompose @D E=1)
2 A B
= + 2=Az—1)+B(z+1)

(z+1)(z—1) z+1 =z-—1

Putx=1:2=2B—+ B=1
Putz=-1:2=-24—- A=-1

. z2+1 1 1 1
Answer: ey = 11— o9 + o001
. . 2x+3
Question 3: B AnTE

Step 1: Check discriminant of denominator
o 22+ 42 + 5 has discriminant 16 — 20 = —4 < 0

e Irreducible quadratic factor
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Step 2: Set up partial fraction

20 +3 Ax + B
224+46+5 a2+4x+5

Step 3: Compare coefficients

« A=2 B=3
Answer: 2283 — 2013 _ (already in simplest form)
. © x24+4x+5 z2+4z+5 Y p

: . 4Ax2+45x%3x—2
Question 4: (Xil)(xx+2)()’:+3)
Note: 422 + 522 = 922, so numerator = 922 — 3z — 2

Step 1: Set up partial fraction decomposition

922 — 3z — 2 A B C

(x+1)(z+2)(x+3) 7m+1+m+2+x+3

Step 2: Multiply both sides by (z + 1)(z + 2)(z + 3)

922 —3r —2=A(x+2)(x+3)+ Bz +1)(z +3) + C(z + 1)(x + 2)

Step 3: Solve for A, B, C
Put z = —1:
e 9(—1)2—=3(-1)—2=9+3-2=10
o RHS: A(—1+4+2)(—1+3)=A(1)(2) =24
e 24A=10—- A=5
Put x = —2:
¢ 9(4)—3(—2)—2=136+6—2=140
o« RHS: B(—2+1)(—2+3)=B(-1)(1) =—B
e —B=40 - B=-40
Put x = —3:
e 9(9)—3(—3)—2=814+9—-2=288
o RHS: C(—3+1)(—3+2) =C(=2)(—1) =2C
e 20=88—C=44
Question 5: m
Step 1: Factor denominator
e 22 +52+6=(z+2)(x+3)
o Denominator = (z + 1)(z + 2)(x + 3)
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Step 2: Set up partial fraction

4 A B C

(z+1)(z+2)(z+3) Tl zi2 713

Step 3: Multiply both sides by (z + 1)(z + 2)(x + 3)

4= Aw+2)(x+3)+ Ble+1)(x+3)+Cz+1)(z+2)

Step 4: Solve for A, B, C

Put z = —1:
o 4=A(1)(2)=24A—- A=2
Put z = —2:
e 4= B(-1)(1) =—B - B = —4
Put z = —3:
e 4= C(=2)(-1) =20 C =2
Answer: % — 2 4, 2

z+1)(x2+52+6) z+l  x+2 | 243

. . 5
Question 6:

Step 1: Factor denominator
e 2 —1=(x—1)(z+1)
Step 2: Set up partial fraction

) A B

(z—1)(z+1) $—1+:1c—|—1

Step 3: Multiply both sides by (z —1)(z + 1)

5=A(x+1)+B(z—1)

Step 4: Solve for A and B

Put x = 1:

e 5=24 -5 A=2
Put z = —1:

. 5:—2B%B:—%
Answer: 2y = 3 (2 - 7)

. . 3x2—-12x+11
Question 7: 2HEAC

Step 1: Set up partial fraction
322 — 12z + 11 A B C

(x —1)(z—2)(z—3) :z—1+z—2+m—3

Step 2: Multiply both sides by (x — 1)(z — 2)(z — 3)
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322 — 122+ 11 = A(z — 2)(x —3) + B(zx — 1)(z — 3) + C(x — 1)(z — 2)

Step 3: Solve for A, B, C
Put z = 1:
¢ 3(1)—12(1)+11=3—-12411=2
« RHS: A(—1)(—2) =24
e 2A=2-A=1
Put z = 2:
e 12—-244+11=-1
« RHS: B(1)(-1)=-B
e« - B=—-1—-5B=1
Put z = 3:
e 27—-36+11=2
« RHS: C(2)(1) =2C
e 20=2-=C=1
Answer: % = ﬁ + T£2 + ﬁ
Question 8: m

Step 1: Set up partial fraction

9 _ 4, B C
(z—1(x—2)(z—3) z—1 z—-2 =x-3

Step 2: Multiply both sides by (x —1)(z —2)(x — 3)

9=Ax—2)(x—3)+Blz—1)(z—3)+C(z — 1)(z — 2)

Step 3: Solve for A, B, C

Put x =1:

¢« 9=A(-1)(-2)=24—- A=}
Put x = 2:

e« 9=B(1)(-1)=—B —- B=-9
Put x = 3:

« 9=C@2)(1)=2C = C=3}

- e 9 = 9 9 9
ADswer: oSS = 21 73 T 23
. .6
Question 9: *—4)(x—5)x=6)
Step 1: Set up partial fraction
6 A B C
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Step 2: Multiply both sides by (z —4)(z — 5)(z — 6)

6=A(x—5)(x—6)+ B(x —4)(x —6) + C(x —4)(x — 5)

Step 3: Solve for A, B, C

Put x = 4:

e 6=A(-1)(—2)=24—- A=3
Put z =5:

C 6= BU)(1)= B B= ¢
Put z = 6:

« 6=C(2)(1)=2C > C=3
Answer: W =4 045
Question 10: 4x245x+1

(x2+a)(x2%+b)(x2+c)
Step 1: Note that denominator has irreducible quadratic factors

Step 2: Set up partial fraction

422 + 5 + 1 _Ax+B  Cz+D  FEx+F
(x24+a)(z2 +b)(z2 +¢) 22+4a 22 +b x?+c

Step 3: Multiply both sides by (z* + a)(z? + b)(2? + ¢)

42% +5r 4+ 1= (Az + B) (22 +b)(2® +¢) + (Cx + D)(2* + a) (2 + ¢) + (Ex + F) (2 + a)(2? + b)

Step 4: This is a system of 6 equations with 6 unknowns. For specific values of a, b, ¢, we can solve.
Note: Without specific values for a, b, ¢, this is the general form.

Answer: General form shown above.

Question 11: —X*L,
(x—1)

Step 1: Set up partial fraction (repeated linear factor)

z+1 A B

@12 2-1  @=1p

Step 2: Multiply both sides by (z — 1)?

z+1=A(x—1)+B

Step 3: Solve for A and B
e r+1=Ax— A+ B
e Compare coefficients: A=1, —-A+B=1——-14+B=1— B=2

L@+l 1 2
Answer: s Al il e y

. . x2+x
Question 12: 1)

Step 1: Factor denominator
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e 2 —1=(x—1)(z+1)
e (@—12=(z—1)2+1)°

Step 2: Set up partial fraction

22+ A B C D

121 -1 @—1P a4l @1y

Step 3: Multiply both sides by (z —1)?(x + 1)2

P?+r=Ax—-1)(z+1)?+Bl+1)?+Cx—-1)%*z+1)+D@®—1)>2

Step 4: Solve for A, B, C, D
Put z=1:

e 14+1=2

e RHS: B(2)? =4B

« 4dB=2—- B=1
Put x = —1:

¢« 1-1=0

e RHS: D(—2)2 =4D

e 4D=0—- D=0

Step 5: Expand and compare coeficients

$2—‘r$ZA(.’L‘—l)(,TQ+2$—‘r1>+%(3324-25(}4-1)—|—C($U2—2.’L'+1)(:E+1)+0
e A+t —a—1)+ 32 +a+3+C0@%—a?—a+1)
Collect coeflicients:
e B A+C=0—>C=-4A
e 22 A+i-C=1
ezl —A+1-C=1
o Constant: —A—i—%—l—C:O
From z': —A+1+A=1

From constant: —A+%—A:O — —2A+%:O — A= %
Then C = —%
. I e A | 1 1
Answer: (w2j1)2 =D T 217 T i@
Question 13: %
Step 1: Set up partial fraction (repeated linear factor)
322+ 42 —5 A B C
3 + z T 3
(x—1) x—1 (z—1) (x—1)

Step 2: Multiply both sides by (x —1)3
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312 +42—5=A(x—1)?>+B(z—-1)+C

Step 3: Expand RHS
o A(x?—22+1)+Bx—B+C
o Az? +(—2A+B)z+(A—-B+C)
Step 4: Compare coefficients
e« A=3
o 24+B=4—-—-6+B=4—-B=10
e A-B4+C=-5—-3-10+C=-5—-C=2

Answer:

3224+4x—5 _ 3 10 2
I(:c—l:fg — z1 + (z—1)2 + (z—1)3

. . 1
Question 14: T

Step 1: Set up partial fraction

r(x+1)3 z z+1 (z+1)2 (z+1)3

Step 2: Multiply both sides by z(z + 1)3

1=A(xz+ 1>+ Bz(z+1)?+ Cax(z + 1) + Dz

Step 3: Solve for A, B, C, D

Put z = 0:
. 1:A(1)3:A—>A:1
Put x = —1:

e 1=D(-1) = D=-1

Step 4: Expand and compare coefficients

1=A@®+322 + 32+ 1) + B(z® + 222 + 2) + C(2® + ) + Dzl = 23 + 322 + 3z + 1 + Ba® + 2B2®> + Bz + C2? + Cz — x

Collect coefficients:
e 23:1+B=0— B=-1
e 22:342B+C=0—-3-24+C=0—-C=-1

e 2134+ B4+C—-1=0—-53—-1—-1—-1=0

1 1 1 1 1

Answer: z(z+1)3 z z+1 (z+1)2 (z+1)3

Question 15: 4"2672"“

Step 1: Set up partial fraction
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Step 2: Multiply both sides by ()2

422 =3z +1=Alz—1)?+ Bz +1)(x— 1)+ C(z + 1)

Step 3: Solve for A, B, C
Put z=1:

e 4—-3+1=2

« RHS: C(2) =2C

e 20=2—=2C=1
Put z = —1:

e 4+3+1=38

o RHS: A(—2)? =44

e 4A=8—A=2

Step 4: Expand and compare coefficients

422 =3z +1=22>-20+1)+B@?—1)+1(z+1)=222~42+2+ B> —B+a+ 1= (2+ B)2?> + (=3)z + (3 — B)

Compare 2: 4 =2+ B - B=2

2o
Answer: & =3z+1 ()‘39”1

2 2 1
=z tzateae

Question 16: L"‘%
(x-2)%(x+2)

Step 1: Factor numerator
o 1222 —48 =12(22 —4) =12(z — 2)(z + 2)

Step 2: Set up partial fraction

12(z — 2)(z + 2) 12

(r—2)2(z+2)° (z—=2)(z+2)

Step 3: Decompose

12 A B

(z—2)(z+2) m—2+x—|—2

Step 4: Multiply both sides by (z — 2)(z + 2)

12 =A(x +2)+ B(zr —2)

Put x = 2:
e 12=4A - A=3
Put x = —2:

e 12=—-4B - B=-3
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Summary Table
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