taleemzone.com 1st Year Math - Exercise 5.2

EXERCISE 5.2 - PARTIAL FRACTIONS
Complete Solutions

: . 2x243x+3
Question 1: D E D)

Step 1: Denominator has linear factor (x + 1) and irreducible quadratic (22 + 1)

Step 2: Set up partial fraction decomposition

222 4+ 3z +3 A Bz +C

Gt @2 +1) 41 241

Step 3: Multiply both sides by (z 4+ 1)(2? + 1)

202 +3x+3=A(x*+1)+ (Bz+C)(z + 1)

Step 4: Expand RHS

202+ 32 +3=A2>+ A+ B2> + Bt + Cx+ C= (A+ B)2?> + (B+ C)z + (A + O)

Step 5: Compare coefficients
e 22 A+B=2..(1)
e : B+C=3..(2
o Constant: A+C =3 ... (3)

Step 6: Solve the system

From (1): B=2—-A

From (3): C=3—A

Substitute in (2): (2—A)+ (3—A) =3

5—2A=3-2A=-2A=1

Then:
B=2-1=10=3—-1=2
. . 22243243 1 r+2
AIISWCI'. W = Z+1 + $2_:>1
2x+1

Question 2: 5%

Step 1: Check discriminant of quadratic
o 2%+ 3z + 5: discriminant = 9 — 20 = —11 < 0 (irreducible)
Step 2: Set up partial fraction

2r + 1 A Bz +C

(x —2)(2%2 4+ 3z +5) x—2+x2+3x+5

Step 3: Multiply both sides by (z — 2)(z? + 3z +5)

2z +1=A(z* 4+ 3z +5) + (Bx + C)(z — 2)

Step 4: Expand RHS
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20+ 1= Az? +3A2 + 5A + Bx? —2Bx + Cx — 2C= (A + B)2? + (3A — 2B+ C)x + (5A — 2C)

Step 5: Compare coefficients
e 22 A+B=0..(1)
e 1:34-2B+C=2..(2)
o Constant: 54 —2C =1 ... (3)

Step 6: Solve the system
From (1): B=—A
From (3): 54—20 =1 — 20 =5A—1 — C = 241

Substitute in (2): 34 —2(—A) + 51“2;1 -9

3424+ A o5a 5A2_1 :210A+25A_1 — 92154 — 1 = 4154 = 5A = %
Then:
po lo_8E-1_§-1_§ 1
2 2 2 3
Answer: (w—Q)?aa::;-Q—l3x+5) = 3(3;1—2) + 1_2%;%5 = 3(;1—2) - 3(x2€:3£+5)
Question 3: ﬁ

Step 1: Denominator has linear factor (z — 2) and repeated irreducible quadratic (x2 + 2)2

Step 2: Set up partial fraction

2x + 32 A Bx +C Dxr+ FE

= +
(x242)° -2 2242 (3242)°

Step 3: Multiply both sides by (z? + 2)2

27432 = A(22 +2)2 + (Bx + C)(z — 2)(2®> + 2) + (Dz + E)(z — 2)

Step 4: Expand RHS

27z + 32 = A(z* + 422 + 4) + (Bx + C)(2® — 22% + 20 — 4) + (Dx + E)(x — 2)

Step 5: Expand further

= A(z* +42% + 4) + B(a* — 223 + 222 — 42) + C(2® — 222 + 22 — 4) + D(2? — 22) + E(x — 2)

Step 6: Collect coefficients
e 22 A+B=0..(1)
e 23 —2B+C =0 .. (2)
o 22 4A+2B—-2C+D =0 ... (3)
o x: —4B+2C —-2D+E=2 .. (4)
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o Constant: 44 —4C —2E =32 ... (5)

Step 7: Solve the system
From (1): B=—-A
From (2): C =2B = —2A

Substitute in (3): 44+ 2(—A) —2(—2A4A)+ D=0
4A—2A4+4A+D=06A+D =0

— D=—6A
Substitute in (4): —4(—A) + 2(—2A) —2(—6A4) + £ =2

4A—4A+12A+ E=212A+ E =2
—- E=2-124
Substitute in (5): 44 —4(—2A) —2(2 — 124) = 32

4A+8A—4+24A =3236A—4=3236A=364A=1

Then:
B=-1C=-2D=—-6E=2—-12=-10
e 20432 1 —3-2 | —62-10
Answer: w212 — o3 + et @212
1 T+2 6z + 10
Tz —2 2242 <$2+2)2
Question 4: 3}:‘::13

Step 1: Factor denominator
e ¥ +1l=(x+1D(2?2—a2+1)
Step 2: Set up partial fraction

322 +3 A Bz +C

@t )@ —2+1) a4l P_zt1

Step 3: Multiply both sides by (z + 1)(z? —z + 1)

322 +3=A(z* —2+ 1)+ (Bx + C)(z + 1)

Step 4: Expand RHS

322 +3=Ar? — Az + A+ B2+ Bz +Cx+ C= (A+ B)2’  + (-A+ B+ C)z + (A+C)
Step 5: Compare coefficients
e 222 A+B=3..(1)
e 2:—A+B+C=0..(2)
o Constant: A+C =3 ... (3)
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Step 6: Solve the system

From (3): C=3—A

From (1): B=3—A

Substitute in (2): —A+(3—A4)+(3—-A4)=0
—A+3-A+3-A=06—-34A=0A=2

Then:

Answer:

3z243 2 + z+1
z3+1 T z+1 r2—x+1

x4
x44+2x2+41

Question 5:
Step 1: Note that degree of numerator = degree of denominator
e Need to divide first
Step 2: Factor denominator
o 2t +22%+1=(22+1)2
Step 3: Perform division

x4 222 4+ 1 2% 4+ 1

222 +1 2t 422241 (x2+1)2

2z2+1
(@2+1)°

Step 4: Decompose

202 4+ 1 _Ax+B Cx+ D
@+1)°  ?+1 (22 41)°

Step 5: Multiply both sides by (22 + 1)2

222 +1 = (Az 4+ B)(2®> + 1)+ (Cz + D)= Az® 4+ Ba? + Az + B+ Cx + D= Aa® + Ba? + (A+ C)z + (B+ D)

Step 6: Compare coefficients

e 23 A=0

e 22: B=2

e A+C=0—-0+C=0->C=0

e Constant: B+D=1—-24+D=1—-D=-1
Step 7: Substitute back

222 4+ 1 2 1

(22+1)°  22+1  (g241)°

Step 8: Final result
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x? 2 1
1 2 =1l-— + 2
z*+ 222 +1 24+1 0 (22 41)

1

4
Answer: —=% =1— 2
z2+1 + (z2+1)2

(22+1)°

6x%440x2
(x2)(x2+4)*

Step 1: Note: 4 — 22 = —(22 —4) = —(z — 2)(x + 2)

Question 6:

Step 2: Factor numerator
o 62% + 4022 = 22%(322 + 20)
Step 3: Check degree
e Numerator degree: 4
e Denominator degree: 244 =6
e Proper fraction

Step 4: Write in terms of z2

60 +4022 6zt + 4022
(22)(22 + 4)2 —(x2 —4) (22 +4)?

2
Step 5: Since denominator has (ac2 —4)(2® + 4) , we can use substitution t = 22

Step 6: Set up partial fraction in terms of t = 22

6t + 40t
(02
Step 7: Decompose
6% + 40t A B C
= + +
()? 4—t t+4  (t+4)?

Step 8: Note: 4 —t = —(t —4), so % = _ﬁ
Step 9: Multiply both sides by ()2

612 +40t = At +4)° + B4 —t)(t +4) + C(4 —t)

Step 10: Expand RHS

=A(t? +8t+16) + B(4t + 16 —t> —4t) + C(4 — t)= A(t* + 8t + 16) + B(16 — t?) + C(4 — t)= (A — B)t?> + (8A — O)t + (1

Step 11: Compare coefficients
e 22 A—B=6.. (1)
« H8A—C =140 .. (2)
o Constant: 164 +16B+4C =0 ... (3)
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Step 12: Solve the system
From (1): B=A—6
From (2): C' = 8A — 40

Substitute in (3): 164 4+ 16(A —6) +4(84 —40) =0

164+ 16A — 96 + 324 — 160 = 0644 — 256 = 0A =4

Then:

B=4—-6=-20=32—-40=-8

Step 13: Substitute back

6t>+40t 4 2 8
(02 4—t t+4 (t+4)2
Step 14: Replace t = 22
62 + 4022 4 2 8

@)@ +47 Aot

Step 15: Decompose —+ further

4—x2

4 4 A

> +4 (g2 +4>2

B

4—g2 -

Putx=2:4=4A— A=1
Putx=-2:4=4B — B=1

4 1 1
So 4—z2 T 2—x + 24z

Answer:

(x2)<x2+4)2 - 2—x 24x z2+4 (z2+4)

6x%4+402% _ 1 + 1 2 8

Summary Table

" e_oete 2z

2+m4:A(2+aj)+B(2—m)
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x—1
3(x—2)  3(x2+3x+5)
1 z+2 6x+10

(x2+2)2
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