taleemzone.com 1st Year Math - Exercise 6.8

EXERCISE 6.8 - ARITHMETIC-GEOMETRIC SEQUENCES
Complete Solutions

Question 1: Find the 8th term of the arithmetic-geometric sequence

Step 1: Arithmetic part: 1,4, 7, ...
e a,=1+(n—-1)3=3n—-2
Step 2: Geometric part: 5, 10, 20, ...
e b,=5-2n"1
Step 3: The arithmetic-geometric sequence terms are a,, - b,,
e ¢,=Bn—-2)-5.2n"1
Step 4: Find 8th term
e cg=(3(8)—2)-5-281=(24—-2).5.27=22.5.128 = 22 - 640 = 14080
Answer: 14080
Question 2: Find the nth term

Step 1: Arithmetic part: 3, 7, 11, ...
e a,=3+(n—1)4=4n—-1
Step 2: Geometric part: 2, 6, 18, ...
e b,=2-3""1
Step 3: nth term of arithmetic-geometric sequence
=0, b, =(4n—1)-2.3"71
Answer: ¢, = 2(4n —1)3"1

e C

Question 3: Arithmetic part: a,. ;= 2n + 5, Geometric part: bn+2:§(—3)n

Step 1: Find arithmetic part as a function of n
e Ay =2n+5
e Let k=n+1,thenn=%k—1
e ap,=2k—1)+5=2k—2+5=2k+3
e Soa,=2n+3

Step 2: Find geometric part as a function of n
¢ byyo = %(_3)71

e Let k=n-+2,thenn=%F—2

_1 —2 _ 1. (=3 _ 1 (=3 _ (3"
‘bk—§(*3)k2—§'(—3)2—§' 9 81

_ 3
« Sob, =%

Step 3: nth term of arithmetic-geometric sequence

. Cn = an . bn = (2’)’), =+ 3) . (;31>7L
Step 4: Sum of first three terms

_ (=3)' . -3__15_ _ 5
c =243 5 =5 F =58~
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e cp=(4+3) B2 o7, 2 7.

—3)3 _
e c3=(6+3)- 2L =9.2=9.(-1)=-3
Step 5: Sum

5__3+Z_3__3+§_§__@
37 9717 9 o927 21 27 27

Answer: ¢, = 47, S3 = —52

Question 4: Sum to n terms
(i)1-2+3-44+5-8+7-16+ ...

Step 1: Arithmetic part: 1,3,5,7, ... = a, =2n—1
Step 2: Geometric part: 2, 4, 8, 16, ... — b, = 2"
Step 3: General term: ¢, = (2n —1)2"

Step 4: Sum to n terms

S, = Zn:(Qk— 1)2k = Qimk—iﬁ
k=1 k=1 k=1
Step 5: Use formulas:
o > 2b=202"—1)
o Yo k2P =(n—1)2"" 42
Step 6: Substitute

S, =2[(n—1)2"" +2] —2(2" — 1)=2(n — 1)2""1 44 — 271 4 2= (n — 1)27F2 — 2nFL 4 6=2"F1 (2 — 2 — 1) + 6 = 2"F1(2

Answer: S, = 2" (2n —3) +6
(ii) 2-3+4-32+6-334+8:34+ ...

Step 1: Arithmetic part: 2, 4,6, 8, ... — a,, =2n
Step 2: Geometric part: 3,372,373,374, ... —» b
Step 3: General term: ¢,, = 2n - 3"

:3”

n

Step 4: Sum to n terms
S, =Y 2k3F =2 k3"
k=1 k=1

Step 5: Use formula: Z:zl krk = 7"[1_("';111::;;“"7%1]

_ g, 7 E _ 3[1—(n+1)3"4+n3"*] _ 3[1—(n+1)3"+3n3"
e Forr=3:5, | k3"= [ <(113)2 ] — 30 l ]

Step 6: Simplify
3[1—(n+1)3"+3n3"] 3[14 (2n—1)3"]

" 4 2
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Answer: S, = 3[1+ (2n —1)3"]
(iii) 243+ %+ + -

Step 1: Arithmetic part (numerators) 2,5,8, 11 W —a,=3n—1
Step 2: Geometric part: 1, 1 1 42, 413,.. — b,

Step 3: General term: ¢,, = ‘j’ﬁ;

4n qn—1

Step 4: Sum to n terms

Step 5: Use the formula for A.G. series:
For S = ZZ:1 S

But here r =4, so 4'%1‘

Let S; = Zk14k1—1+ +42+

Using formula: §; = 40 [1 — 2L 4 1]

And S, = S, e = = 40— )

Step 6: Final sum

| | 4 1\ 1 | 44 1 o1
g —3. W[ _ntl,  n ]——(1—;):3[1—i+ L :4—£<”+ )+—6( o)+

9 4n 4n+l 3 4n 3 4n 4n+l 3 3-4n 3 4n 3 \4ntl
Answer: S, =4 — "H)
(iv) 143+ 5+ 5+ ...
Step 1: Arithmetic part (numerators) , 3, 9, —a,=2n—1
Step 2: Geometric part: 1, 5 52, 513 oo = b, = 5
Step 3: General term: ¢, = 221

Step 4: Sum to n terms

Using formulas:

S sy = et P ith = 5

Step 5: Final sum
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5 n+1 n 5 1 5 n+1 n 5 5 5 5 1 5(n+1) 5n 5
" 16 5n 5”*1] 4( 5") 8[ 5n +5"+1 4+4~5” 8 4+5” 8 +40+4
. ¢ _ _5 4 5-4n
Answer: S, = —3 + =0

(v) 1+5+5+324 ...

Step 1: Arithmetic part (numerators): 1, 4, 7, 10, ... — a,, =3n —2
1

Step 2: Geometric part: 1, %, %, %, o by = g

3n—2

Step 3: General term: ¢, = 57

Step 4: Sum to n terms

Using formulas with r» = 3:

Question 5: Sum the following infinite series
(i) 1+3+3+2+ ...

Step 1: General term: a,, = 22-1

Step 2: Sum to infinity

Step 3: Use infinite sum formulas:
02;1%:Wf0r|7’|>1
oForT:Q:ZIlek%:#:Q

Step 4:

Step 5: Final sum
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Answer: 2

(ii) 2+3+3+22+ ..

Step 1: General term: a,, = %ﬁill

Step 2: Sum to infinity

Step 3: For r = 3:

© k _ 3 _3
© Do 3T — (22 ~ 4

o0 1 1 _ 3
© i 3T T T T2

Step 4: Final sum

Answer: 3

Question 6: Show that 22.44.88.16'%...co= 4

Step 1: Write the product

P =92.44.88.1¢416...

Step 2: Express in powers of 2
e 2=2,4=228=2316=2" ..
o P=(21)2.(22)%. (23)8 . (24)16 ...
e P—9l2.924 938 9416
o P — 92+8+24+64+--
Step 3: The exponent is Zzozl n-2"
Step 4: Sum 220:1 n-2" diverges!
This product diverges to infinity, not 4. There must be a typo.
Let's re-examine: The terms are 22,44, 8% 1616, ...
o« 22=4
. 4= (22) =28
. 85 = (23)8 = o
. 1616 = (24)16 = 964
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The product = 22+8+24+64+ diverges.

The statement as written is incorrect.
Question 7: Show that /4-v/16-1/64-1/256...c0= 16

Step 1: Simplify each term
o« V4i=2
o« V16=14
« V64=38
o /256 =16
e So the product is 2-4-8-16---

Step 2: Express in powers of 2

P = 21 . 22 . 23 . 24 P = 21+2+3+4+"'

Step 3: The sum 1+ 2+ 3 4+ 4 + -+ diverges to infinity.
The product diverges to infinity, not 16.
The statement as written is incorrect.

Summary Table

1 14080

2 2(4n — 1)371

3 (521 , O3 = ‘%

A1) 27412 — 3) + 6

4(ii) 31 +(2n—1)3"]

A(iii) 4 =2

A(iv) 2o %

4(v) —1t e

5(1) %

5(i) 3

6 Statement incorrect (diverges)
7 Statement incorrect (diverges)

EXERCISE 6.8 - ARITHMETIC-GEOMETRIC SERIES (Continued)

Question 8: Sum to n terms: 2 + 4x + 6x%+8x3+ ... where x#1

Step 1: Identify the pattern
o Arithmetic part: 2, 4, 6, 8, ... — a; = 2k

3

o Geometric part: 1, z, 22, 23, ... — b, = k1

e General term: ¢, = 2k - ¥ !

Step 2: Sum to n terms
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Step 3: Use the formula for 22:1 k=1

n

Z k1 — 1—(n+1)r" 4+ nrmtt
- (1—r)2

k=1

Step 4: Substitute r = x

S —2. 1—(n+1)z"™ + nant!
(1—w)?

2[1—(n+1)z"+nz" 1]

Answer: S, = =L

Question 9: Sum to n terms:

2n +1 3<2n—%1>2 5(2n-+1>3
2n —1 2n—1 2n—1

Note: Here n is used both as the number of terms and in the terms themselves. This is ambiguous. Let's

re-interpret:

Let r = 2242 Then the series is:

r+3r2 + 53 + 7t + ... to m terms

Step 1: General term: a;, = (2k — 1)r*, for k=1,2,...,m

Step 2: Sum to m terms

Step 3: Use formulas:

m k_ r(1—r™)
* Zkzl =1

m k _ rI=(m+1)rm+mrm*l]
o D Bt = a2
Step 4: Substitute
r[1—(m+1)r™ +mrmt] p(1—r™)

Sm =2 (1—7)2 T o1—r

Step 5: Simplify

g _ 2r[1 — (m + 1)r™ +mr™ ] — (1 —r™) (1 — r): r[2 —2(m + 1)r™ + 2mr™tt — (1 — ™) (1 — 7)) _ r[2—2(m+1)r™

m (1—r)p2 (1—1)?

r[l+r—(2m+1)r™+(2m—1)rm+1]
(1—7)2

Answer: S, =

Question 10: Prove that
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1 1\?
1+2(1+—>+3(1+—) + ... ton terms = n2
n n

Step 1:Letr:1+%:”—+1

n

Step 2: The series is:

S, = Zn: krk-t
k=1

Step 3: Use the formula for 22:1 k=1

S _1=(n+ )" !
Step 4: Substitute r = ”TH
= +1 1

* 1—1"_1—”7__%

e (1—-r2=%

Step 5: r" = (”TH)H

1_ 1) (nEtl\" nt1 )"+ 1\" 1\ !
n n
Step 6: Simplify the bracket

e (S e () () 1o (B2 s (1)

n

=1

n

Step 7: Therefore

Answer: Proven

Question 11: Sum to n terms: 2 + 5x + 8x2+11x3+ ...

Step 1: Identify the pattern
o Arithmetic part: 2, 5,8, 11, ... = a, =3k—1
o Geometric part: 1, z, 22, 2%, ... — b, = 2F1
o General term: ¢, = (3k — 1)x*!

Step 2: Sum to n terms

Step 3: Use formulas:

n

n k-1 _ l—z
° Zkzl‘r R
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1—(n+1)x™+nz"*t?!

n k=1 _
o Do ket = 1—2)2
Step 4: Substitute

n

Sn =3 (1—2)? 1—z

1—(n+ 12" +nz"™t 1—x

Step 5: Simplify

—a™) (1l —x)

3—3(n+1)a" +3naz"™ —(1—z—z"+2") 24+2—3(n+1)z"+

(1-

31— (n+1)a" +na" —(1 B
Sn = (1—x)2 B (1—2)?

Step 6: Deduce sum to infinity for | z |< 1
e Asn — o0, 2" = 0 and 2" =0

2+

. S, =22
Answer:
2 — 2)z™ — 1)gntt 2
_2+z (Bn+2)z™+ (3n—1)z Sm:—ifor 1z ]<1
(1—x)?

S (1—x)2

Summary Table

2[1—(n+1)z"+nz" 1]

(1-=)?
r[1+r—(2m+t)lii;(Qm—l)rm“]7 where r — gzt}
10 Proven
_ 24z—(3n+2)z"+(3n—1)z" ! _ 24z
11 Sn — (i_w)Q 9 Soo - (1jw)2
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