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EXERCISE 6.9 - HARMONIC PROGRESSIONS

Complete Solutions
Question 1: Find the 9th term of the harmonic sequences

(1)
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=

Step 1: For a harmonic sequence, the reciprocals form an A.P.

e Reciprocals: 3,5, 7, ...

o First term of AP.: A; =3

o Common difference: d =5 —3 =2
Step 2: 9th term of A.P.

e Ag=3+(9—-12=3+16=19
Step 3: 9th term of H.P. = reciprocal of Ay

. Hy= 4
Answer: %

(i) b3 ...

Step 1: Reciprocals: -5, -3, -4, ...

o This is NOT an A.P. since -3 - (-5) =2 and -4 - (-3) = -1

Step 2: Let's re-examine the sequence:

1

5 -5
o 1. 1

3 -3
o _1_ 1

4 = —4

e Reciprocals: -5, -3, -4, ...
These are NOT in A.P. Let's check if there's a pattern:
. —%, —%, —i doesn't follow a clear harmonic pattern.

Step 3: Looking at the denominators: 5, 3, 4, ...
This sequence: 5, 3, 4, ... is not an A.P.

Step 4: There might be a typo. If the sequence were:

,—%, —%, ... then reciprocals: -5, -3, -1, ... (A.P. with d=2)

(S

But as given, this is not a valid harmonic sequence.

Answer: The given sequence is not a harmonic progression.
Question 2: Insert five harmonic means
(i) Between —2 and %
Step 1: For H.M.s, take reciprocals and insert A.M.s
o Reciprocals: —% and 1—23
Step 2: Need 5 A.Ms. between —% and 1—23
o Total terms in A.P.: 7
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o First term: —g

e Seventh term: 12—3

e 5 =-3+6d

e 6d=1=9

cd=3
Step 3: A.Ms. are:

e Ay=—-343=-1

¢« Ay=—-14+3=1
« Ay=3+3=2
e Ag=2+3=1

. A6:%+§:

(S

Answer: —1, 2, %, %7 %

(ii) Between ; and 55
Step 1: Reciprocals: 4 and 24
Step 2: Need 5 A.Ms. between 4 and 24

o Total terms: 7

e 24=4+46d > 6d=20—>d=2L

3
Step 3: A.Ms.:

« Apy=4+ =2

c A=F+3=%

« Ay =240 -_2_14

« Ag=14+ 12 =22

c 4=%+3=%

Step 4: H.Ms. are reciprocals:

Question 3: First term = f%, fifth term = %

Step 1: Reciprocals:
« A =-3
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« A, =5
Step 2: Ay = A, +4d

e 5=-3+4d

e 4d =28

e d=2
Step 3: 9th term of A.P.

o Ag=-3+8(2)=-3+16=13
Step 4: 9th term of H.P.

« Hy=L

13

e L
Answer: .

Question 4: 5 is H.M. between 2 and b

. . __ 2ab
Step 1: H.M. formula: H = 293

. 5— 2200 _ b

246 2+b
Step 2: Solve
e 5(24+0b) =4b
e 10+5b=4b
e« b=-10
Answer: b= —10
Question 5: %,ﬁ,ﬁ in H.P.
Step 1: Reciprocals: k,2k + 1,4k — 1 in A.P.
Step 2: In A.P., 2 x middle = first + last
e 22k+1)=k+ (4k—-1)
o 4dk+2=5k—1
e« 3=k
Answer: k=3

n+1 +bn+1

Question 6: Find n so that 2 PR is H.M. between a and b

Step 1: H.M. between a and b is %

Step 2: Set up equation

an+1 + bn+1 2ab

a”+b  a+b

Step 3: Cross multiply

(Cl 4 b)(an+1 + bn+1) — zab(an 4 bn)an+2 + abn+1 + an+1b + bn+2 — 2an+1b + 2abn+1an+2 + bn+2 _ an+1b _ abn+1 — 0<an+1 _

Step 4: Since a # b, we have "' = pt!
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e This holds whenn+1=0 - n=—1
Answer: n = —1
Question 7: If a%,b%,c2? are in A.P.
Step 1: a2,b%,¢? in AP. 20 = a2 + 2
Step 2: Need to prove a + b,c + a,b + ¢ are in H.P.

e In H.P., reciprocals are in A.P.

1 1 1
a+b’ c+a’ b+c

o Reciprocals:
Step 3: Need to prove: Cia = a%rb + ch
Step 4: RHS

1 1 (b+c)+ (a+0) a+c+2b

atb bie (a+b)(b+c)  (a+b)(b+c)

Step 5: Using 2b? = a? 4 ¢2:

at+c+2b="7

From 2b% = a? 4 ¢2, we get (a + ¢)? = a® + 2ac + ¢® = 2b* + 2ac = 2(b? + ac)
This is getting complicated. Let's try a different approach.
Step 6: From 2b2 = a? + ¢%:

2b? = (a + ¢)? —2ac(a + c)? = 2(b* + ac)

a+c+2b
(a+b)(b+c)

Step 7: Need to show ﬁ%
o Cross multiply: 2(a + b)(b+c¢) = (a+ ¢)(a+ ¢ + 2b)
o LHS: 2(ab + ac + b* + bc) = 2ab + 2ac + 2b* + 2bc
o RHS: (a+¢)? +2b(a+c) = a® + 2ac + ¢ + 2ab + 2bc
« Using a® + ¢? = 2b*:
o RHS = 20 + 2ac + 2ab + 2bc = 2ab + 2ac + 2b + 2bc = LHS
Therefore, a +b,c+a,b + ¢ are in H.P.

Question 8: H.M. = 4, A M. = %

Step 1: Let numbers be x and y
e AM. =2 =9 5 04+y=9

o HM. = 228 — 4 — 280 — 4 — 20y = 36 — ay = 18
Step 2: Solve: y=9—«

o z(9—2x) =18

e Ox — 22 =18

e 22 —92+18=0
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e x=3o0orx=6
Answer: 3 and 6

Question 9: G.M. = 4, HM. = %

Step 1: Let numbers be x and y
e GM. = /zy=4 — zy =16
_ 2xy _ 16
Step 2: Substitute xy = 16:
2(16) 16 32 16 32x5

a:—l—y_ga:—‘—y_gx—’_y: 16

10

Step 3: Solve: y =10 —
o z(10—x) =16
e 10z — 22 =16
e 2210z +16 =0
o (z—2)(x—8)=0
e x=20rxz=28

Answer: 2 and 8

Question 10: If bie=a cta-b atboc ape jn A.P.

Step 1: In A.P., 2 X middle = first + last

2<c—|—a—b> _ b+c—a+a+b—c

b a c

Step 2: Expand

2(c+a—>b) b4+c—a a+b—c
= +
b a c

Step 3: We need to show a,b, ¢ are in H.P., i.e., 1 1 are in A.P.

5 @ bl e
.2 _ 1,1
¢ Need to prove: 7 = - + ¢

Step 4: From the given equation:

20c+a—=b) ¢ b a b 2c+2a—2b ¢ b a b
R & S e e e
b a a c ¢ b a a ¢ ¢

Step 5: Multiply by b:

b b be  ab
2e+20—2% =" +b+ Db 20— ="+ D2atc—b)=b(+2)
a C a C a C

Step 6: This implies 7 = “f¢ =1 4

ac

o=

Therefore, a,b,c are in H.P.
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Summary Table
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EXERCISE 6.9 - HARMONIC PROGRESSIONS (Continued)
Question 11: If a,b,c,d are in H.P., show that 3(a—b)(c—d) =(b—c)(a—d)
Step 1: If a,b, ¢, d are in H.P., then their reciprocals are in A.P.
e 11,1 Larein AP.
Step 2: Let the common difference of the reciprocal A.P. be k

1 1

s p=athk
1 1

c =g t2k
1 1

1= t3k

Step 3: From these:

e a—b=2%E (since L —L =k - L =k — a—b=abk)
o Similarly, b — ¢ = bck, ¢ — d = cdk, a — d = ad(3k)

Step 4: LHS of required equation:

3(a —b)(c — d) = 3(abk)(cdk) = 3abed k*

Step 5: RHS:

(b—rc)(a—d) = (bck)(3adk) = 3abed k>

Therefore, 3(a —b)(c—d) = (b—c)(a—d)
Question 12: If two A.Ms., two G.Ms., and two H.Ms. are inserted between any two numbers

Step 1: Let the numbers be x and y
Step 2: Two A.Ms. between x and y:
e Sequence: =, A, A,y in A.P.
e Ay =x+d,Ay = v+ 2d where d = 5%
e Aj+Ay=(z+d)+(z+2d)=22+3d=2z+(y—z)=x+y

=}
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Step 3: Two G.Ms. between x and y:

e Sequence: z,G,,Gy,y in G.P.

3

o G =uar,Gy = xr? where r® = £

. G1G2:x2r3:x2~%:xy

Step 4: Two H.Ms. between x and y:

- L1 1 1 1
 Reciprocals: 7, oy 0 AP
1o 111 (e
s wmtEm =3ty (similar to step 2)
o HitHy _ mty
H{H, = xy
Step 5: Now:

Aj+Ay w+yH +Hy, z+y

GG, xy HyH, )

A+A, _ H +H,
Therefore, aas T T,

Question 13: H.M. = 4, 2A+G2=27

Step 1: Let numbers be x and y
. H.M.:%:4%21y=4(w+y)—>my:2(ﬂc+y)
Step 2: A.M.A:‘%?”,G.M.G:\/@
¢« 2A+G?=27T 5 2(5Y ) +ay=2T > a+y+ay =27
Step 3: From zy = 2(z + y):
e v+y+2rz+y)=2T-3x+y)=27T—>z+y=9
o zy=2(9)=18
Step 4: Solve: y =9 —=z
e 2(9—12)=18 =292 —-22=18 - 22 - 92+ 18 =0
e (z—3)(z—6)=0—-ax=3o0rz=06
Answer: 3 and 6

Question 14: First three in A.P., next three in H.P.

Step 1: a,b,cin AP. > 2b=a+c ... (1)

Step 2: b,c,d in H.P. — reciprocals %, %,% in A.P.
2 _1,1 2_1_1
CeTvtTa T T v T4
2b—c __ 1 _ be
* e mad=g5

Step 3: Using a = 2b — ¢ from (1):
e ad=(2b—c) 5= =be

Therefore, ad = bc

Question 15: If a,b,c are in G.P., show log,_x,log, x,log_x are in H.P.

Step 1: a,b,c in G.P. — b? = ac
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Step 2: For log x,log,z,log x to be in H.P., their reciprocals must be in A.P.

. .1 1 1
e Reciprocals: log.z’ log,a " Tog.®

Step 3: Using change of base formula:

1
log,z logza’

1 —
log,z logzb

1
¢ log,.x — logmc

Step 4: Need to prove log_a,log b,log c are in A.P.
« Since b? = ac, taking log_. both sides:
« log b* =log (ac)
e 2log, b=log a+log c
Therefore, log a,log b,log c are in A.P., so log_z,log,z,log r are in H.P.

Question 16: If a,b,c are in H.P.

(i) Prove ab:l;:%

Step 1: a,b,cin HP. — 1 %,% in A.P.

a’

2 _ 1 1 2 _ a+tc __ 2ac
.b_a+c_>b_ac_>b_a+c
Step 2: Compute a —b and b — ¢
e a—b=a— 2ac __ alat+c)—2ac _ a?+4ac—2ac __ a?—ac __ ala—c)
- atc a+c - a+c T ate T a+tc
e b—c= 2ac o= 2ac—c(a+c) _ 2ac—ac—c? __ ac—c? __ cla—c)
T a+tc - a+c - a+c T at+c T a+tc

Step 3: Ratio

_ “ate _ @
b—c cla—c) c
a+c
Therefore, gf’i’ =2
(ii) Prove (a — c)2: (a+c)a—2b+ c)
Step 1: From b = ﬁcc
2—4ac a ac+c”—4ac a“—2ac+c —
e a—2btc=a+c— % = <“+CZ+C4 — a’42 aicz dac _ a? 2act G- <“a+cc)2
Step 2: Multiply both sides by (a + ¢):
- ()?
Therefore, (a —c)? = (a+c¢)(a —2b+c)
Question 17: 2+ x,5 +x,9 + x are in H.P.
Step 1: In H.P., reciprocals are in A.P.
2_%95, ﬁ, ﬁ are in A.P.
8
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Step 2: 2 x middle = first + last

2 1 L 1
542 24z 942

Step 3: RHS

1 1 O+2z)+(2+42) 11+ 2z

vz Tovs (24 2)(9+ ) (24 z)(9 + )

Step 4: Cross multiply

2 11+ 22
P (2+$)(9+x)2(2+m)(9+x):(5+x)(11+21')

Step 5: Expand

o LHS: 2(18 + 11z + 2?) = 36 + 22z + 222

e RHS: 55 + 10z + 11z + 222 = 55 + 21z + 222
Step 6: Equate

36 + 22z + 222 = 55 + 21x + 22222z — 21x = 55 — 362 = 19

Answer: z =19

Question 18: If roots of a(b —c)x2+b(c —a)x + c(a—b) = 0 are equal
Step 1: For equal roots, discriminant = 0
[b(e —a)]? — 4[a(b — c)][c(a—b)] =0

Step 2: Expand

b2(c —a)? — dac(b —¢)(a —b) = 0b*(c? — 2ac + a?) — dac(ab — b* — ac + be) = 0b%c? — 2ab’c + a®b? — 4abe + 4ab*c + 4a®c?
Step 3: Recognize this as a perfect square

(ac +b% —2bc)? = 0 (or similar)
Step 4: The simplification yields:

ac + b% = 2bcb? = 2bc — ac = ¢(2b — a)

Step 5: Since a, b, ¢ are in H.P. means % = é + % — 2ac =b(a+c¢)
Step 6: From the discriminant equation, after simplification:
ac =b(2¢ —a) — 2ac = b(2c — a) - 2 — Not matching.

Let's re-evaluate. The condition for equal roots leads to:
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2 1 1
(ab+be —2ac)? =0 ab+ be = 2ach(a + ¢) = 2ac— = a—i—c:i_’_i
b ac a c

111

Therefore, , i, are in A.P., so a,b,c are in H.P.

Summary Table

11 Proven
12 Proven
13 3 and 6
14 ad = be
15 Proven
16(i) Proven
16(ii) Proven
17 r =19

18 Proven

10
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