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Principle of Mathematical In-
duction

Statement of the Principle

To prove a statement P(n) for all positive integers n:
1. Base Case: Verify P(1) is true.

2. Inductive Step: Assume P(k) is true for some positive integer
k, then prove P(k + 1) is true.
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Part A -- Summation and For-
mula Proofs

(i) log " = nlog =, where z is positive

Step 1: Base Case — For n = 1:
LHS: logz! =logx RHS: 1:logz = logx

LHS =RHS v
Step 2: Inductive Hypothesis — Assume true for n = k:

log z¥ = klog x
Step 3: Inductive Step — Prove for n = k + 1:

log z**1 = log <xk . x) = logz* + log z
=klogx + logx = (k+1)logx

Therefore, the formula is true for all positive integers n. v’

(ii)2+5+8+-~-+(3n—1):%(37z+1)

Step 1: Base Case — For n = 1:
LHS:3(1)—1=2 RHS:3(3+1) =2
LHS =RHS v
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Step 2: Inductive Hypothesis — Assume true for n = k:

k
2+5+8+--~+(3k—1):§(3k+1)
Step 3: Inductive Step — Prove forn = k + 1:
24+54+8+4+--+Bk—1)+[3(k+1)—1]

= §(3k+1)+(3k+2)

3k24+k 6k+4
2 + 2
_ 3k*4+Tk+4
N 2
(k+1)(3k + 4)

2
:%[3(kz+1)+1]

Therefore, the formula is true for all positive integers n. v/

(ii)) 2+ (2+5) + (2 +1

Step 1: Base Case — Forn = 1:
LHS: 3(3+1)=2 RHS:1(2)*=1

LHS # RHS. Let us re-examine the problem.
Re-evaluation: The nth term is the sum of the first n terms of the A.P.
2,5,8,...:
n n
nth term = 5 [2(2) + (n — 1)3] = 5(371 +1)

So the seriesis2+ (2+5)+ (2+5+8)+---.
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Step 1 (repeat): Base Case — For n = 1: LHS = first term = 2; RHS
= 1(2)? = 1. The formula as stated does not hold for n = 1.

Note

This indicates a possible typo in the original problem statement.
A commonly suggested corrected formula is

n(n+1)(n+ 2)
4

24 (245)+(2+5+8)+ -+ 5(8n+1) =

1x2x3
Checking n = 1: RHS = X47X = 1.5 # 2, so this can-

didate also fails. The correct closed form for the sum of these
triangular-type sums should be re-derived directly from the def-
inition above rather than assumed.

(iv)2+6+18+---+2-3""1=3"—1

Step 1: Base Case — For n = 1:
LHS:2-3°=2 RHS:3'—1=2

LHS = RHS v
Step 2: Inductive Hypothesis — Assume true for n = k:

24+6+18+-- +2-3"1=3"—1
Step 3: Inductive Step — Prove forn = k + 1:

246418+ --4+2-3"1 41 2.3"=(3F 1) +2.3"
=3-3"—1=3"1_-1

Therefore, the formula is true for all positive integers n. v/
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n(n+1)(4n +5)

(V)1x3+2x54+3x7+---+n2n+1)=

)
Step 1: Base Case — For n = 1:

1><2><9_

LHS: 1(2 + 1) .

=3 RHS:

LHS =RHS v
Step 2: Inductive Hypothesis — Assume true for n = k:

>

=il

_ k(k+1)(4k +5)
6

r(2r+1)

Step 3: Inductive Step — Prove forn = k + 1:

k+1

k
> r(2r+1) :Zr (2r +1) + (k+1)(2k + 3)

r=1
k( + 1)(4k + 5)

6
k+1r
% k(4k + 5) + 6(2k + 3)]

LTk sk + 19k + 18}

E+1r
6

+ (k +1)(2k + 3)

K2+ 17k + 18}

-

kE+1
6

RHS forn = k + 1:

(k+1)(k+2)(4(k + 1) +5)

T (k4 2)(4k +9) =

_ (k4 1)(k+2)(4k +9)

(k+1)(k +2)(4k +9)

6

6

Therefore, the formula is true for all positive integers n. v/

6
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(i) —— +

1x2 2><3jL

Step 1: Base Case — For n = 1:

1 1 1 1
LHS.1X2—§ RHS.1—§—§

LHS =RHS v
Step 2: Inductive Hypothesis — Assume true for n = k:

Z;_I_L
7'(7“—1—1)_ k—+1

r=1

Step 3: Inductive Step — Prove forn = k + 1:

k+1 1 k 1 1
;r(rﬂ) =;r(r+l)+(k+1)(k+2)
1 1
R AR R R D)

=1- (k;-lu B (k+1)1(k+2)>

(k+2)-1
N CEES)
zl_Lzl_L
(k+1)(k+2) k+2

Therefore, the formula is true for all positive integers n. v

\_ Y,
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Summary Table -- Part A (i to vi)

Part Formula Status
@) log 2™ = nlogx Proven v
i) >@Br—-1)=5@Bn+1) Proven v/
iif 5(3r+1)=F(n+ ypo suspecte
(iii) 5(3r+1 4 1)2 T d
iv) 2.3 1=3"-1 Proven v/
\4 r2r+1) = —7—— Proven
i)y > ﬁ =1- =5 Proven v/
. J
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Part A (continued) -- More In-
duction Proofs
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(vii) r4+ri4rd4 4

Step 1: Base Case — For n = 1:

1—
LHS: r RHS: L ) =r
1—r
LHS =RHS v
Step 2: Inductive Hypothesis — Assume true for n = k:
r(1 — rF)

rrige ok =
1—7r

Step 3: Inductive Step — Prove forn = k + 1:

r(1 — rk)

r+r2+---+rk+rk+1:17r~l—rk+1
_r(1=rF)y 41— )
N 1—r
kL kL k2
N 1—7r
B r — rkt+2 B r(1 — rkth)
o 1-r 1—r

Therefore, the formula is true for all positive integers n. v

(viii)a+ (a+d)+(a+2d)+---+[a+(n—1)d] = g [2a+ (n—1)d]

Step 1: Base Case — For n = 1: LHS = q; RHS = 3[2a + 0] = a.
LHS =RHS v
Step 2: Inductive Hypothesis — Assume true for n = k:

N

(a+rd) = 5 [2a + (k — 1)d]

ﬁ
Il
o
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Step 3: Inductive Step — Prove forn = k + 1:

k k—1
Z(a—l—rd) =Y (a+rd)+ (a+ kd)
r=0 r=0
)d] + (a + kd)

)Jd , 2+ 2kd
2 2
1

[E O —y

[\
S
—~

o
+
S~—
_|_

o
x>
—~
o
I
—_
SN—
_|_
[\
e

:%[Qawd} :$[2a+((k‘+1)—1)d]

Therefore, the formula is true for all positive integers n. v

(ix) ap, = a1 + (n — 1)d when ay, as, ..., a, form an A.P.

Step 1: Base Case—Forn=1:a1 =a1+0-d=a1 v

Step 2: Inductive Hypothesis — Assume true for n = k: ap = a1 +
(k—1)d

Step 3: Inductive Step — In an A.P., a1 = ag + d, so

ap1 = (a1 + (k= 1)d] +d=a1 +kd = a1 + [(k+1) - 1]d

Therefore, the formula is true for all positive integers n. v/

(X) a, = a;r™ ! when ay,as, ..., a, forma G.P.

Step 1: Base Case—Forn=1: a1 =a; -7 =a1 v

Step 2: Inductive Hypothesis — Assume true for n = k: aj = a 7% !
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Step 3: Inductive Step —Ina G.P, ax4+1 = ay - 7, SO

Ak+1 = alrk_l o P = alrk = alr(k+1)_1

Therefore, the formula is true for all positive integers n. v

~ (3 4 5) n -+ 2 n-+3
) (5) +(5) + (5) =+ ("37) = (")
3 4
Step 1: Base Case —Forn = 1: LHS = (3> = 1; RHS = <4> =1.

LHS =RHS v
Step 2: Inductive Hypothesis — Assume true for n = k:

z’“:<r+3>_(k+3>
= 3 4
Step 3: Inductive Step — Prove forn = k + 1:
’§ 3\ _ (kH3) (k4
—~\3 /) \ 4 3

k+3 k+3 k+4
Using Pascal’s Identity,( 1_ >—|—< ;— >:< 1_ >,and succes-

sively applying the identity to combine the remaining terms gives

(1) (00

Therefore, the formula is true for all positive integers n. v
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(xii) The sum of the first » odd natural numbers is n?

The first » odd natural numbers are 1, 3,5, ..., (2n — 1).
Step 1: Base Case —Forn =1: Sum=1=12 v/
Step 2: Inductive Hypothesis — Assume true for n = k:

14+3+5+---+(2k—1)=k
Step 3: Inductive Step — Prove forn = k + 1:

14+34+5+---+C2k—1D)+2k+1) =K+ (2k+1) = (k+1)2

Therefore, the sum of the first n odd natural numbers is n2. v’
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CHAPTER 3

Part B -- Divisibility, Inequal-
ities and Applications

Question 2(i): n? + n is divisible by 2

Step 1: Base Case — For n = 1: 12 4+ 1 = 2, divisible by 2 v/

Step 2: Inductive Hypothesis — Assume k? 4k = 2m for some integer
m.

Step 3: Inductive Step — Prove forn = k + 1:

(k+12+(k+1) =k +2k+1+k+1
= (k*+k)+2k+2
=2m+2(k+1)
=2[m+k+1]

Therefore, n? + n is divisible by 2 for all positive integers n. v

Question 2(ii): 5" — 2" is divisible by 3

Step 1: Base Case —Forn = 1: 5 — 2 = 3, divisible by 3 v

Step 2: Inductive Hypothesis — Assume 5% —2* = 3m for some integer
m.
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Step 3: Inductive Step — Prove for n = k + 1:
= 3(5%) + 2(5* — 2%)
3(5%) +2(3m) = 3(5" + 2m)

Therefore, 5™ — 2™ is divisible by 3 for all positive integers n. v

Question 2(jii): 8 x 10" — 2 is divisible by 6

Step 1: Base Case —Forn = 1: 8 x 10 — 2 = 78 = 6 x 13, divisible
by 6 v

Step 2: Inductive Hypothesis — Assume 8 x 10*¥ — 2 = 6m for some
integer m.

Step 3: Inductive Step — Prove forn = k + 1:

8 x 10" — 2 =10(8 x 10*) — 2
=10(8 x 10F —2) +20 — 2
=10(6m) + 18 = 6(10m + 3)

Therefore, 8 x 10™ — 2 is divisible by 6 for all positive integers n. v*
N\ J
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n+1

This statement as given is not correct. The correct identity is

. "1
uestion 3: — =
o] ; .

Thesum ), _, % is instead the nth harmonic number H,,, which
has no simple closed form. The original problem statement ap-
pears to contain a typographical error.

Question 4: x — y is a factor of z"

Step 1: Base Case —Forn = 1: x — yis a factorof x — y v

Step 2: Inductive Hypothesis — Assume z — v is a factor of z* — ¢/,
ie. 2 — y¥ = (z — y)Q(z) for some polynomial Q ().

Step 3: Inductive Step — Prove for n = k + 1:

k+1 k+1 k+1

Ly k+1

x —xyk+xyk—y
2@ —y*) +yF(z —y)
z(x —y)Q(x) + y*(z — y)
= (z —y) [2Q(z) + ¢"]

Therefore, x — y is a factor of 2™ — y™ for all positive integers n. v/

Question 5: n! > 2"~ forn > 2

Step 1: Base Case — For n = 2: LHS = 2! = 2; RHS = 2271 = 2,
Checking the originally stated form n! > 2" —1forn = 2: 2 > 3
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is false, and for n = 3: 6 > 7 is also false; it first holds at n = 4
(24 > 15).

The inequality as commonly intended is n! > 2"~! for n > 2
(verified: 2! = 2 ¥ 2! = 2, so equality holds at n = 2; strict
inequality begins at n = 3: 3! = 6 > 22 = 4). Care should
be taken with the exact exponent when copying this statement,
as a small change in exponent changes where the inequality first
becomes true.

Question 6: 4" > 3" + 2" forn > 2

Step 1: Base Case — Forn = 2: LHS = 16; RHS = 9 + 4 = 13;
16 > 13 v/

Step 2: Inductive Hypothesis — Assume 4% > 3* + 2%,

Step 3: Inductive Step — Prove forn = k + 1:

A =g 4P > 438+ 2) =435+ 4.2
=3.3" 43k 2.2k 4 0.9k
:3k+1+3k+2k+1+2k+1 >3k+1+2k—|—1

Therefore, 4™ > 3™ + 2" foralln > 2. v

Question 7: 1 +nx < (1+ )" forn > 2, = > —1 (Bernoulli's
Inequality)

Step 1: Base Case — Forn = 2: LHS = 1 + 2z; RHS = (1 + z)? =
1+2z+2% Sincex? >0,1+22 <1+2z+22 v
Step 2: Inductive Hypothesis — Assume 1 + kz < (1 + z)*.
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Step 3: Inductive Step — Prove forn = k + 1, using 1 + =z > 0:

(1+2)* =1 +2)Q+2)F > 1 +2)(1 + k)
=14 (k+Dz+ke?>1+(k+ 1)z (since kz® > 0)

Therefore, 1 + nx < (1 + )" forn > 2andz > —1. v

Question 8: Amount after n years = 1,000,000(1.06)"

Step 1: Base Case — For n = 0: Amount = 1,000,000(1.06)" =
1,000,000 v*

Step 2: Inductive Hypothesis — Assume after k years, amount =
1,000,000(1.06).

Step 3: Inductive Step — After (k + 1) years:

Amount = 1,000,000(1.06)* x 1.06 = 1,000,000(1.06)**1

Therefore, the formula holds for all n. v

Question 9: A(n) = P(1+r)"foralln >0

Step 1: Base Case —Forn = 0: A(0) = P(1+7r)°=P v

Step 2: Inductive Hypothesis — Assume A(k) = P(1 + r)F.

Step 3: Inductive Step — Forn = k + 1:
Ak+1)=AK)1+7)=PA+r) A +7) = P(1+ )k

Therefore, the formula holds for all n > 0. v

Question 10: Monthly savings increasing by Rs. 500

Step 1: Savings form an A.P.: 500, 1000, 1500, ...,500n. Total sav-
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ings after n months:
S, = 3(500 +500n) = 250n(n + 1)
Step 2: Forn = 24:
Saq = 250 x 24 x 25 = 150,000

Step 3: Since 150,000 > 12,000, his savings will comfortably reach at
least Rs. 12,000.
Answer: Yes — after 24 months he will have Rs. 150,000. v

Question 11: Loan balance R,, = 2,000,000 — 50,000n

Step 1: Base Case — For n = 0: Ry = 2,000,000 — 0 = 2,000,000 v*
Step 2: Inductive Hypothesis — Assume R; = 2,000,000 — 50,000%.
Step 3: Inductive Step — Forn = k + 1:

Ri+1 = Ry — 50,000 = 2,000,000 — 50,000k — 50,000
= 2,000,000 — 50,000(k + 1)

Therefore, the formula holds for all n. v/

J

Question 12: Savings formula S(n)

Step 1: Initial savings = Rs. 5,000; each month, add Rs. 1,000. After
n months: S(n) = 5000 + 10007n.

Step 2: Base Case — For n = 0: .S(0) = 5000 4+ 0 = 5000 v/

Step 3: Inductive Hypothesis — Assume S(k) = 5000 + 1000%.

Step 4: Inductive Step — Forn = k + 1:

S(k+1) = S(k)+1000 = 5000+ 1000k +1000 = 5000+ 1000(k+1)

Therefore, S(n) = 5000 + 1000n forall n > 0. v/
N J
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Summary of Results
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Overall Summary

(vii) Proven v
(viii) Proven v/
(ix) Proven v/
x) Proven v/
(xi) Proven v/
(xii) Proven v/
2(i) Proven v/
2(ii) Proven v/
2(iii) Proven v/
3 Typo in statement
4 Proven v/
5 Statement needs correct exponent
6 Proven v/
7 Proven v/
8 Proven v/
9 Proven v/
10 Yes, reaches Rs. 150,000
11 Proven v/
12 S(n) = 5000 + 1000n
N J
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